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Abstract. A standard interval exchange map is a one-to-one map of the interval which 
is locally a translation except at finitely many singularities. We define for such maps, 
in terms of the Rauzy-Veech continuous fraction algorithm, a diophantine arithmetical 
condition called restricted Roth type which is almost surely satisfied in parameter space. 
Let To be a standard interval exchange map of restricted Roth type, and let r be an integer 
^ 2. We prove that, amongst C"+^ deformations of Tq which are C""*"^ tangent to Tq at 
the singularities, those which are conjugated to To by a C diffeomorphism close to the 
identity form a submanifold of codimension {g — 1) (2r + 1) -f s. Here, g is the genus 
and s is the number of marked points of the translation surface obtained by suspension of 
To. Both g and s can be computed from the combinatorics of To. 
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1. Introduction 

1.1. Presentation of the main result. Many problems of stability in the theory of dynam- 
ical systems face the difficulty of small divisors. The most famous example is probably 
given by Kolmogorov-Amold-Moser theory on the persistence of quasi-periodic solutions 
of Hamilton's equations for quasi-integrable Hamiltonian systems (both finite and infinite- 
dimensional, like nonlinear wave equations). This is a very natural situation with many 
applications to physics and astronomy. What all these different problems have in common 
is roughly speaking what follows: one can associate some "frequencies" to the orbits un- 
der investigation and some arithmetical condition is needed to prove their existence and 
stability. 

The simplest example of quasiperiodic dynamics is given by irrational rotations of the 
circle. Poincare asked under which condition a given homeomorphism of the circle is 
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equivalent (in some sense, e.g. topologically or smoothly) to some rotation and proved 
that any orientation-preserving homeomorphism of the circle with no periodic orbit is 
semi-conjugate to an irrational rotation. Denjoy proved that, when the rotation number 
is irrational, adding regularity to a given homeomorphism / (namely requiring / to be 
piecewise with Df of bounded variation) is enough to guarantee topological conju- 
gacy to a rotation. The step to higher order differentiabiUty for the conjugacy h requires 
new techniques and additional hypotheses on the rotation number: a small divisor prob- 
lem must be overcome and this was first achieved (in the circle case) by Arnold in [A]: he 
proved that if the rotation number verifies a diophantine condition and if the analytic dif- 
feomorphism / is close enough to a rotation, then the conjugation is analytic. At the same 
time examples of analytic diffeomorphisms, with irrational rotation number, for which the 
conjugation is not even absolutely continuous were given. Later Herman ([Hel]) proved 
a global result: there exists a full Lebesgue measure set of rotation numbers for which a 
C°° (resp. C^) diffeomorphism is C°° (resp. C"^) conjugated to a rotation. In the finitely 
differentiable case one can prove a similar result but the conjugacy is less regular than the 
diffeomorphism: this phenomenon of loss of differentiability is typical of small divisors 
problems. 

The suspension of circle rotations produces Unear flows on the two-dimensional torus. 
When analyzing the recurrence of rotations or the suspended flows, the modular group 
GL (2, Z) is of fundamental importance, providing the renormaUzation scheme associated 
to the continued fraction of the rotation number. 

A generaUzation of the linear flows on the two-dimensional torus is obtained by con- 
sidering linear flows on translation surfaces of higher genus (see e.g. [Zol] for a nice 
introduction to the subject). By a Poincare section their dynamics can be reduced to (stan- 
dard) interval exchange maps (i.e.m. ), which generaUze rotations of the circle. 

A (standard) i.e.m. T on an interval / (of finite length) is a one-to-one map which 
is locally a translation except at a finite number of discontinuities. Thus T is orientation- 
preserving and preserves Lebesgue measure. By asking only that T is locally an orientation- 
preserving homeomorphism one obtains the definition of a generalized i.e.m. Let d be the 
number of intervals of continuity of T. When d = 2, by identifying the endpoints of /, 
standard i.e.m.'s correspond to rotations of the circle and generalized i.e.m.'s to homeo- 
morphisms of the circle. Standard i.e.m. can be suspended following the construction of 
Veech [Vel] to give rise to translation surfaces. 

Typical standard i.e.m.'s are minimal ([Keal]) but note that ergodic properties of mini- 
mal standard i.e.m.'s can differ substantially from those of circle rotations: they need not be 
ergodic ([Kea2], [KeyNew]) but almost every standard i.e.m. (both in the topological sense 
[RK] and in the measure-theoretical sense [Ma, Ve2]) is ergodic. Moreover the typical non 
rotational standard i.e.m. is weakly mixing [AF]. 

Rauzy and Veech have defined an algorithm that generalizes the classical continued 
fraction algorithm (corresponding to the choice d = 2) and associates to an i.e.m. another 
i.e.m. which is its first return map to an appropriate subinterval [Ra, Ve2]. Both Rauzy- 
Veech "continued fraction" algorithm and its accelerated version due to Zorich [Zo2] are 
ergodic w.r.t. an absolutely continous invariant measure in the space of normalized stan- 
dard i.e.m.'s. However in the case of the Rauzy- Veech algorithm the measure has infinite 
mass whereas the invariant measure for the Zorich algorithm has finite mass. The ergodic 
properties of these renormalisation dynamics in parameter space have been studied in detail 
([Ve3],[ Ve4], [Zo3], [Zo4], [AvGoYo], [B], [AB], [Y4]). 
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The possible combinatorial data for an i.e.m. (standard or generalized) are the vertices 
of Rauzy diagrams; the arrows of these diagrams correspond to the possible transitions 
under the Rauzy- Veech algorithm. 

The Rauzy- Veech algorithm, which makes sense for generalized i.e.m.'s , stops if and 
only if the i.e.m. has a connection, i.e. a finite orbit which starts and ends at a discontinuity. 
When the i.e.m. has no connection, the algorithm associates to it an infinite path in a Rauzy 
diagram that can be viewed as a "rotation number". 

One can characterize the infinite paths associated to standard i.e.m. with no connections 
(oo-complete paths, see subsection 2.3). One says that a generalized i.e.m. T is irrational 
if its associated path is oo-complete; then T is semi-conjugated to any standard i.e.m. with 
the same rotation number [Y2]. 

This generaUzation of Poincare's theorem suggests the following very natural question: 
what part of the theory of circle homeomorphisms and diffeomorphisms generalizes to 
interval exchange maps ? 

All translation surfaces obtained by suspension from standard i.e.m. with a given Rauzy 
diagram have the same genus g, and the same number s of marked points; these numbers 
are related to the number d of intervals of continuity by the formula d = 2g + s — 1. 

Regarding Denjoy's theorem, partial results ([CG], [BHM], [MMY2]) go in the negative 
direction, suggesting that topological conjugacy to a standard i.e.m. has positive codimen- 
sion in genus g > 2. 

A first step in the direction of extending small divisor results beyond the torus case was 
achieved by Fomi's important paper (|ForlJ, see also [For3J) on the cohomological equa- 
tion associated to linear flows on surfaces of higher genus. In [MMYl], we considered the 
cohomological equation tp oTq — tp = for a standard i.e.m. Tq. We found expUcitly 
in terms of the Rauzy- Veech algorithm a full measure class of standard i.e.m. ( which we 
called Roth type i.e.m. ) for which the cohomological equation has boimded solution pro- 
vided that the datum (p belongs to a finite codimension subspace of the space of functions 
having on each continuity interval a continuous derivative with bounded variation. The 
improved loss of regularity (w.r.t. [Fori]) will be decisive for the proof of our main result. 

The cohomological equation is the linearization of the conjugacy equation Toh = HoTq 
for a generaUzed i.e.m. T close to the standard i.e.m. Tq. 

We say that a generaUzed i.e.m. T is a simple deformation of class C" of a standard 
i.e.m. To if 

• T and Tq have the same discontinuities; 

• T and Tq coincide in the neighborhood of the endpoints of I and of each disconti- 
nuity; 

• r is a C diffeomorphism on each continuity interval onto its image. 

Our main result is a local conjugacy theorem which is stated in full generaUty in Section 
5. For simple deformations the result can be summarized as follows: 

Theorem. For almost all standard i.e.m. Tq and for any integer r > 2, amongst the 
simple deformations o/Tq, those which are -conjugate to Tq by a diffeomorphism 
close to the identity form a submanifold of codimension d* = (g — 1) (2r + 1) + s. 

The standard i.e.m. Tq considered in the theorem are the Roth type i.e.m. for which 
the Lyapunov exponents of the KZ-cocycle (see subsection 2.6) are non zero (we call this 
restricted Roth type). They still form a full measure set by Forni's theorem [For2]. 

The tangent space at Tq to the submanifold of 6""+"^ simple deformations which are 
C-conjugate to Tq is formed of C""+^ fimctions (p which vanish in a neighborhood of the 
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singularities of Tq and can be written as 

(p = 'ipoTo-ip, 

where ^isaC^ function vanishing at the singularities of Tq. 

To extend this result to generalized i.e.m.'s T of class C which are not simple defor- 
mations of a standard i.e.m. Tq, there are gluing problems of the derivatives of T at the 
discontinuities. Indeed there is a conjugacy invariant which is an obstruction to hneariza- 
tion (see Section 4). 

An earlier result is presented in an unpublished manuscript of De La Llave and Gutierrez 
[DG], which was recently communicated to us by P. Hubert. They consider standard i.e.m. 
with periodic paths for the Rauzy-Veech algorithm (for d = 2, this corresponds to rotations 
by a quadratic irrational). They prove that, amongst piecewise analytic generalized i.e.m. , 
the bi-Lipschitz conjugacy class of such a standard i.e.m. contains a submanifold of finite 
codimension. They also prove that bi-Lipschitz conjugacy implies C^-conjugacy. 

The proof of our theorem is based on an adaptation of Herman's Schwarzian derivative 
trick. In [He2] Herman gave simple proofs of local conjugacy theorems for diffeomor- 
phisms / of the circle: let uj denote the rotation number, assumed to satisfy a diophan- 
tine condition |a; — p/q\ > 79^^^^ for some 7 > 0, r < 1, and let be the corre- 
sponding rotation of the circle. Taking Schwarzian derivatives, the conjugacy equation 
f o h ^ h o R^j becomes (Sh) o R^ — Sh — {{Sf) o h){Dh)^, a linear difference equa- 
tion in the Schwarzian derivative Sh of the conjugacy (but the r.h.s. depends also on h). 
Given a diffeomorphism h, one computes the r.h.s. {{Sf) o h){Dh)^, solves the equation 
ijjoRuj — '^' = {{Sf) ° h) {Dh)'^ and then finds a diffeomorphism h = ^{h) as smooth as h 
with Sh = i/j. Herman now uses the Schauder-Tychonov theorem to find a fixed point of $ 
and thus the required conjugacy. He was aware of the possibility of using the contraction 
principle (at the cost of one more derivative for /) as we do in our proof. Herman's method 
is presented in more detail in Appendix B. 1. 

In Section 8 of the paper, we explain how to adapt our result to the setting of perturba- 
tions of linear flows on translation surfaces. Indeed we prove the following corollary of 
the main theorem (we refer the reader to Section 8 and to Appendix C for the definition of 
Roth-type translation surface and of simple deformation of a vertical vectorfield): 

Corollary. Given a translation surface of restricted Roth type and any integer r >2, 
amongst the 6"^+^ simple deformations of the vertical vectorfield, those which are C^- 
eqiiivalent to it by a diffeomorphism C close to the identity form a submanifold of 
codimension d* = {g — l)(2r + 1) -|- s. 

1.2. Open problems. 

1. Prove the theorem for r = 1: for almost all standard i.e.m. Tq, amongst the 

simple deformations ofTo, those which are -conjugate to Tq by a diffeomorphism 
close to the identity form a submanifold of codimension d* = 3g — 3 + s. 

A rationale for this conjecture comes from the following argument. Note that d* is 
equal here to (d — 1) + (<? — 1). The integer d — 1 is the dimension of the space of standard 
i.e.m. up to affine conjugacy. In order to have a C^-conjugacy between a generalized i.e.m. 
T and a standard i.e.m. To with the same rotation number, a necessary condition is that the 
Birkhoff sums of LogDT (equal to LogfT") are bounded. The integral of LogDT w.r.t. 
the unique invariant measure is automaticaUy zero, taking care of the largest exponent of 
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the KZ-cocycle; killing the components w.r.t. the remaining g—1 positive exponents leads 
to the expected value of d* . 

On the other hand, when the derivatives of the iterates DT"^ are allowed to grow expo- 
nentially fast, one could expect to have wandering intervals (see [MMY2]). 

This suggests the existence of a dichotomy between being C^-conjugated to a standard 

1. e.m. and having wandering intervals: one can therefore ask whether the following is true: 

2. For almost all standard Tq, any generalized i.e.m. T of class which is a simple 
deformation of To and is topologically conjugated to Tq is also -conjugated to Tq. 

The two conjectures above can be formulated in a slightly more general setting (not 
restricted to simple deformations) using the conjugacy invariant introduced in Section 4. 

3. The local C" conjugacy class of a standard i.e.m. Tq (of restricted Roth type) exhib- 
ited by our theorem can be considered as a local stable manifold for the renormalization 
operator 3? defined by the Rauzy-Veech induction (with rescaling) on generalized i.e.m.'s 
in a suitable functional space. By the standard techniques this local stable manifold extends 
to a global stable manifold 

W'{To) = U„>o3i-"(Wf„e(3^"7o) 

which is the full conjugacy class of Tq. 

Is this stable manifold "properly embedded" in parameter space? 

More precisely, given a sequence of diffeomorphisms /i„ in Diff'^(/) such that /i„ oo. 

Is it possible that hn o Tq o Tq in the C^'^^ topology? Is it possible that 

hnoToo stays bounded in the 6""+^ topology? 

In the case = 2 , the answer to both questions is no. For the second question, this is a 
consequence of Herman's global conjugacy theorem for circle diffeomorphisms. 

4. Describe the set of generalized C" interval exchange maps which are semi-conjugate 
to a given standard i.e.m. Tq (with no connections). 

In the circle case, for a diophantine rotation number, one has a C°° submanifold of 
codimension 1. In the Liouville case one has still a topological manifold of codimension 1 
which is transverse to aU 1-parameter strictly increasing famiUes. One can therefore dare 
to ask: 

(1) Is the above set a topological submanifold of codimension d — 1? 

(2) if the answer is positive, does there exist a (smooth) field of "transversal" sub- 
spaces of dimension d — 1? 

The questions make sense for any Tq, but the answer could depend on the diophantine 
properties of Tq. 

5. In a generic smooth family of generalized i.e.m.'s, is the rotation number irrational 
with positive probability? 

In the circle case the answer is affirmative, thanks to Herman's theorem. This is not 
very Ukely in higher genus. 
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6. Let r > 1. Describe exactly (in terms of the Rauzy-Veech renormalization algorithm) 
the set of rotation numbers such that the C conjugacy class o/Tq has finite codimension 
in the space ofC°° generalized i.e.m.'s. Does this set depends on r? 

In the circle case, this set is (for any r ^ 1) the set of diophantine rotation numbers 
([Y3],[Hel]). In higher genus, our theorem (in the stronger form stated in Section 5) 
guarantees that this set contains the restricted Roth type rotation numbers and therefore 
has full measure. It looks like that our methods extend to prove that the unrestricted Roth 
type rotation numbers also belong to this set (but the codimension of the C conjugacy 
class of To is different). Of course the codimension of the conjugacy class will depend 
on r but the point here is that we only require the codimension to be finite. 

Note that the answer is not known even at the level of the cohomological equation! 

A related question is the optimal loss of differentiabihty, for instance for restricted Roth 
type rotation numbers. A careful reading of the proof (and of Appendix A) will convince 
the reader that we may consider C^+'^+'^ (for any r > 0) simple deformations of To instead 
of 6""+^ simple deformations and stiU get the same conclusion. On the other hand, the 
cohomological equation suggests that some form of the result could be true for (7''+i+t" 
simple deformations of Tq (for any r > 0). This is certainly true in genus 1. This is 
however beyond the reach of our method. 

1.3. Summary of the paper. In the next section we introduce standard and generalized in- 
terval exchange maps. We recall the definition and the main properties of the Rauzy-Veech 
continued fraction algorithm, and explain how it allows to define in a very natural way a 
"rotation number" for certain generalized i.e.m.'s. The algorithm generates a dynamical 
system in parameter space, equipped with a very important cocycle, the Kontsevich-Zorich 
cocycle. The notations and the presentation of this section follow closely the expository 
paper [Yl] (see also [Y2],[Y4]). 

Section 3 is devoted to the study of the cohomological equation. We introduce a bound- 
ary operator on the space of piecewise-continuous functions which vanishes on cobound- 
aries and take care of the neutral component of the KZ-cocycle. We review the results 
of [MMYl] (Theorem 3.10), recalling in particular the definition of Roth type i.e.m. We 
actually improve on the results of [MMYl] by showing that under the same assumptions 
one can obtain a continuous (instead of bounded) solution. We also reformulate the results 
in higher smoothness using the boundary operator. 

In Section 4 we introduce, for any integer r ^ 1, an invariant for C" conjugacy with 
values in the conjugacy classes of the group ,V of r-jets of orientation-preserving diffeo- 
morphisms of (M, 0). We show that it is also preserved by the renormalization operator 
defined by the Rauzy-Veech algorithm. We explain the relation of this conjugacy invariant 
with the boundary operator. 

Section 5 contains the precise formulation of our main result (Theorem 5.1): param- 
eter famiUes of generaUzed i.e.m.'s of class C'^^ through a standard i.e.m. Tq of restricted 
Roth type are considered. It is assumed that the C" "'"^-conjugacy invariant vanishes and an 
appropriate transversality hypothesis (related to the cohomological equation) is satisfied. 
The theorem then states that the local C-conjugacy class of Tq intersects the family along 
a submanifold whose tangent space at To is given by the cohomological equation. We also 
show how the hypothesis on the conjugacy invariant allows to reduce the proofs to the case 
of simple families. 

Section 6 contains the proof of Theorem 5.1 when r > 3; following Herman, we use 
Schwartzian derivatives to construct a map whose fixed point is a candidate for the conju- 
gating map. In the circle case, this fixed point is always the conjugating map. In the present 
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case, some extra equations representing gluing conditions have to be satisfied; these equa- 
tions define the local conjugacy class in parameter space. 

Section 7 deals with the case r = 2 of Theorem 5.1. Indeed, a C^-diffeomorphism does 
not have in general a Schwartzian derivative. We need a httle improvement of Herman's 
Schwarzian derivative trick. We show how one can effectively use the primitive of the 
Schwarzian derivative to construct a contracting map whose fixed point wiU turn out to be 
the conjugacy, under appropriate gluing conditions. 

In Section 8 we explain how to adapt our result to the simple deformations of linear 
flows on translation surfaces. After a brief introduction to translation surfaces we study the 
action of the boundary operator at the level of the surface and we prove that the conjugacy 
invariant is trivial for simple deformations of the vertical vectorfield. We then introduce 
restricted Roth type translation surfaces and we prove the Corollary stated at the end of 
subsection 1.1. 

In Appendix A we show that the main result of [MMYl] (in the improved version of 
Theorem 3. 10) is also valid with data whose first derivatives are Holder continuous instead 
of having bounded variation. 

Appendix B is devoted to the case of circle diffeomorphisms. In subsection B.l, we 
deal with C-conjugacy, r > 3. Herman's original result (through Schauder-Tychonov 
fixed point theorem) gives a stronger conclusion in this setting; however, the simple variant 
based on the fixed point theorem for contracting maps is a better preparation for the more 
difficult case of Section 6. In the same way, subsection B.2 introduces the main idea of 
Section 7 in a simpler setting. 

Finally Appendix C is devoted to the study of Roth-type translation surfaces. Proposi- 
tion C.l gives several equivalent formulations of condition (a) in the definition of a Roth- 
type i.e.m. (see subsection 3.3). This is then used in order to prove that the i.e.m.'s obtained 
as first return maps on an open bounded segment (in good position) of the vertical flow on 
a (restricted) Roth-type translation surface are of (restricted) Roth-type. 
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2. Background 

2.1. Interval exchange maps. Let 7 be an open bounded interval. A generaUzed interval 
exchange map (g. i.e.m. ) T on / is defined by the following data. Let A be an alphabet 
with 2 symbols. Consider two partitions mod.O of / into d open subintervals indexed 
by A (the top and bottom partitions): 

7 = U/* = Ult . 

The map T is defined on U7^ and its restriction to each 7^ is an orientation-preserving 
homeomorphism onto the corresponding 7^. 
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The g.i.e.m. T is standard if |/^ | = |/^ | for each a ^ A and the restriction of T to each 
is a translation. 

Let r be an integer ^ 1 or oo. The g.i.e.m. T is of class C if the restriction of T to 
each extends to a C-diffeomorphism from the closure of J* onto the closure of 7^. For 
finite r, it is easy to see that the g.i.e.m.'s with fixed A form a Banach manifold. 

The points u\ < ■ ■ ■ < u*^_i separating the are called the singularities of T. The 
points u\ < ■ ■ ■ < separating the are called the singularities of T~^. We also 
write I = {uo,Ud), u\^=u\ = uo, = = ua- 

The combinatorial data of T is the pmw = {iTtjiTb) of bijections from ^ onto {1,. . . ,d} 
such that 

-^a = (■"^((a)-!- ""^((q))' -^a ~ (^TrtCa)- 1 ' ^Trt (q) ) 

for each a G A. 

We always assume that the combinatorial data are irreducible: for 1 ^ A; < d, we have 

7rrH{l,...,fc})^^,-i({l,...,fc}). 

2.2. The elementary step of the Rauzy-Veech algorithm. A connection is a triple (u* , > 
where m is a nonnegative integer, such that 

Keane has proved [Keal] that a standard i.e.m. with no connection is minimal. 

Let T be a g.i.e.m. with no connection. We have then ^ '^^d-i- •= 

max(w^_-^, / := {uo,Ud), and denote by T the first retum map of T in /. The 

return time is 1 or 2. 

One checks that T is a g.i.e.m. on / whose combinatorial data tt are canonically labeled 
by the same alphabet A than tt (cf.[MMYl] p.829). Moreover T has no connection; this 
allows to iterate the algorithm. 

We say that T is deduced from T by an elementary step of the Rauzy-Veech algorithm. 
We say that the step is of top (resp. bottom) type if < u'^-i (resp. w^-i > '"d-i)- 
One then writes tt = -Rt(7r) (resp. tt — i?t(7r)). 

2.3. Rauzy diagrams. A Rauzy class on the alphabet ^ is a nonempty set of irreducible 
combinatorial data which is invariant under Rt, Rt and minimal with respect to this prop- 
erty. A Rauzy diagram is a graph whose vertices are the elements of a Rauzy class and 
whose arrows connect a vertex tt to its images -Rt(7r) and i?f,(7r). Each vertex is therefore 
the origin of two arrows. As Rt, Rb are invertible, each vertex is also the endpoint of two 
arrows. 

An arrow connecting tt to i?t(7r) (respectively i?6(7r)) is said to be of top type (resp. 
bottom type). The winner of an arrow of top (resp. bottom) type starting at tt = (TTt, TTb) 
with TTt{oit) = TTb{oib) = dis the letter at (resp. a^) while the loser is (resp. at). 

A path 7 in a Rauzy diagram is complete if each letter in A is the winner of at least one 
arrow in 7; it is k-complete if 7 is the concatenation of k complete paths. An infinite path 
is 00-complete if it is the concatenation of infinitely many complete paths. 

2.4. The Rauzy-Veech algorithm. Let T = T^"^ be an i.e.m. with no connection. We 
denote by A the alphabet for the combinatorial data tt^°^ of T'"^ and by 2) the Rauzy 
diagram on A having 7r^°' as a vertex. 

The i.e.m. T^^\ with combinatorial data tt^^\ deduced from T^^^ by the elementary step 
of the Rauzy-Veech algorithm has also no connection. It is therefore possible to iterate 
this elementary step indefinitely and get a sequence T^") of i.e.m. with combinatorial 
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data tt'"-*, acting on a decreasing sequence 7*^"^ of intervals and a sequence 7(71, n + 1) of 
arrows in D from tt^") to 7r("+^^ associated to the successive steps of the algorithm. For 
m < n, we also write 7(m, n) for the path from tt^"*-* to tt^"^ made of the concatenation 
of the I + 1), m ^ I < n. 

We write 7(T) for the infinite path starting from tt^^^ formed by the 7(71, n + 1), n ^ 0. 
If T is a standard i.e.m. with no connection, then j(T) is 00-complete ([MMYl] ,p.832). 
Conversely, an oo-complete path is equal to 7(r) for some standard i.e.m. with no con- 
nection. On the other hand, for a generalized i.e.m. T with no cormection, the path 7(T) is 
not always oo-complete. 

Definition 2.1. A generalized i.e.m. T is irrational if it has no connection and 7(7) is 
cxD-complete. We then call 7(T) the rotation number of T. 

In the circle case d = 2, the Rauzy diagram has one vertex and two arrows. If the rota- 
tion number of a circle homeomorphism T has a continued fraction expansion [oi, 02, . . .], 
the associated oo-complete path takes ai times the first arrow, then 02 times the second 
arrow, times the first arrow, 

From the definition, a standard i.e.m. is irrational iff it has no connection. Two stan- 
dard i.e.m. with no connection are topologically conjugated iff they have the same rotation 
number [Y2]. More generally, if T is an irrational g.i.e.m. with the same rotation number 
than a standard i.e.m. Tq, then there is, as in the circle case, a semiconjugacy from T to Tq, 
i.e a continuous nondecreasing surjective map h from the interval 7 of T onto the interval 
7o of To such that To o /i = /i o T (cf.[Y2]). 

2.5. Suspension and genus. Let T be a standard i.e.m. with combinatorial data n = 
(ttj, TTb). For a G Alet 

In the complex plane, draw a top (resp. bottom) polygonal line from uq to through 

"0 + C-i(i), UQ + C-i(i) + C-i(2)' ■ • • (resp. Uo + C-i(i), UQ + C-i(i) + C-i(2)' ■ • ■). 

These two polygonal lines bound a polygon. Gluing the (a bottom and top sides of the 
polygon produces a translation surface Mt ([Zo]). The vertices of the polygon form a set 
of marked points S on Mt. The cardinality s of S, the genus g of Mt and the number d 
of intervals are related by 

d = 2g + s-l . 

The genus g can be computed directly from the combinatorial data as follows. Define an 
antisymmetric matrix = f2(7r) by 

( +1 ifnt{a) < Trt{/3),TTb{a) > 7r,,(/3), 
^ai3 = I -1 if 7rt(a) > 7rt(/?),7r6(a) < TTb{l3), 
[ otherwise. 

Then the rank of fl is 2g. Actually ([Y1],[Y4]), if one identifies M'^ with the relative 
homology group Hi{Mt, S,R) via the basis defined by the sides of the polygon, the 
image of il coincides with the absolute homology group 77i (Mt, ffi). Another way to com- 
pute s (and thus g) consists in going around the marked points, as explained in subsection 
3.1. 
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2.6. The (discrete time) Kontsevich-Zorich cocycle. Let 2) be a Rauzy diagram on an 
alphabet A. To each arrow 7 of D, we associate the matrix e SL{Z-^) 

Bry =1 + Ea/3, 

where a is the loser of 7, /3 is the winner of 7, and p is the elementary matrix whose 
only nonzero coefficient is in position a /3. For a path 7 in D made of the successive 
arrows 71 . . . 7; we associate the product Bj = B^^ . . . B^^. It belongs to SL{1/^) and 
has nonnegative coefficients. 

Let T be a g.i.e.m. with no connection, whose combinatorial data is a vertex of D. Let 
T be deduced from T by a certain number of steps of the Rauzy- Veech algorithm, and let 
7 be the associated path of D. Let T be the space of functions on U7* which are constant 
on each and let F be the corresponding subspace for T. Both F and F are canonically 
identified with . Then B^ is the matrix of the following operator S from F to F : for 

xer 

Sx{x)= J2 xr(ar)) 

0^i<r(x) 

where x belongs to the domain / of T and r{x) is the return time of x in I. 

Let 3i be the Rauzy class associated to D. Restricted to standard i.e.m. (considered up to 
affine conjugacy), the Rauzy- Veech algorithm defines a map Qrv on the parameter space 
3? X P(IR'^). The operator S define a cocycle over these dynamics called the (extended) 
Kontsevich-Zorich cocycle. 

3. The cohomological equation revisited 

3.1. The boundary operator. Let T be a generalized i.e.m. on an interval 1,1 = U/^ = 
U7^ the associated partitions (mod.O), n = (7rt,7r(,) the combinatorial data of T on an 
alphabet A. We denote by ;,a, ^a, a^, at the elements of A such that tt^ ( i,a) = nt{ta) = 
1, TTb{ab) = TTtiat) = d. 

We denote by A^^^ the union of two disjoint copies of A. Elements of A^^^ are denoted 
by (a, L) or (q, R) and are associated to the left and right endpoints of the intervals 7* (or 
7^). More precisely, for v G A'-^\ we denote by u''{v) the left endpoints of 7^, 7^ 

respectively if v = (a, L), and by u*{v), u^{v) the right endpoints of 7^, 7^ respectively 
iiv = (a, R). 

Given combinatorial data tt = (tt* , TTft), the set A^^") is endowed with a permutation a 
defined as follows: 

ct(q;, R) = ((3, L), when a ^ at, T^tiP) = T^t{c() + 1, 

a{at,R) = (ah, 7?), 

a{a,L) = {j3,R), when a ^ ta, iri,{j3) = TTb{a) — 1, 

a{bOi,L) = {ta,L). 

The cycles of a are canonically associated to the marked points of any translation surface 
constructed by suspension from an i.e.m. having tt as combinatorial data. We denote by S 
the set of cycles of a, by s the cardinality of E. We have d = 2g + s — 1. 

Let r ^ be an integer We denote by C"'(U7^) the space of functions ip on IJ7^ such 
that, for each a G A, the restriction of ip to 7^ extends to a C" function on the closure of 
7*. 

a' 
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For a function Lp in C°(U/*) and V e A^'^\ we make a slight abuse of notation by 
writing ip{v) for the Umit of Lp at the left (resp. right) endpoint of P^if v — [a, L) (resp. 
V = (a, R)). We also write e{v) = —1 if v = {a, L), e{v) — +1 if u = (a, R). 

Definition 3.1. The boundary operator d : C°(U/^) — > is defined by 

{dip)c = s{v) ip{v), 
vec 

where C is any cycle of a. The kernel of the boundary operator is denoted by Cg(U J^). 
Note that 

(3.1) = E ('^("' ^) - ^("' ^))- 

When (/? belongs to C^(LI/^), this gives 

(3.2) J2{9'P)c= [ Dip{x)dx. 

The following proposition summarizes the properties of the boundary operator. Recall 
that r C C''(U/^) is the set of functions which are constant on each We denote by Kg 
the hyperplane of formed by the vectors for which the sum of the coordinates vanishes. 

Let M be a translation surface constructed by suspension from a standard i.e.m. Tq 
having tt as combinatorial data. Then, we can identify E with the set of marked points 
on M, r with the relative homology group Hi (M, E, M) (the characteristic function of /* 
corresponds to oriented parallel sides with label a of the polygon which gives rise to M 
after the gluing). It is then clear that the operator d restricted to F is indeed the boundary 
operator 

a:iIi(M,E,M) ^i7o(E,M) = . 

Proposition 3.2. (1) For a g.i.e.m. T with combinatorial data i:, andifj G C°(/), one 
has dijj = di^tp o T). 

(2) The kernel Tq of the restriction of d toT is the image of Q{Tr), and the image is 

Rl 

(3) The boundary operator d : C°(U7^) MP is onto. 

(4) Let T be a g.i.e.m. with combinatorial data tt, and let T, acting on a subinterval 
I C I, be obtained from T by one or several steps of the Rauzy-Veech algorithm. 
For (f e C°(U/^), denote by S(p G C°(U7*) be the special Birkhoff sums corre- 
sponding to the first return in I. Then we have 

d{S(p) = dip, 

where the left-hand side boundary operator is defined using the combinatorial 
data TT ofT. 

Proof Let ip € C°(l), C e E. For w = {a,R) e C with a ^ at, we have u*{v) = 
u*{(j{v)) with e{v) = —e{a{v)). Therefore {dilj)c = £iV'(l) ~ £^oV'(0)> where eq (resp. 
El) is 1 or depending whether ( ta, L) (resp. («(, R)) belongs or not to C. 

Similarly, for v = {a,L) G C with a ^ ^a, we have u''{v) = u^{a{v)) with e{v) = 
-s{a{v)). Therefore {d{ip o T))c = eiV'(l) - £oV'(0), where e(, (resp. s[) is 1 or 
depending whether ( i,a, L) (resp. {ab, R)) belongs or not to C. 

As a{ ba, L) = ( ^a, L) and (j{at, R) = R), we have Eq = Eq and £i = e'^. This 
proves (1). 
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The restriction of the operator 9 to F has been described in homological terms just 
before the proposition. It follows from this description that the image of F by 9 is indeed 
Rq. As the image of 17 (tt) is identified with the image of the absolute homology group 
Hi (M, M) in Hi (M, E, M), the proof of (2) is complete. 

Let (t>*{x) = x; then X^(7gj](9^*)c = 1. Thus the image of d is strictly bigger than 
Mq , which proves (3). 

To prove (4), it is sufficient to consider the case where T is obtained from T by one step 
of the Rauzy-Veech algorithm. We assume that this step is of top type, the case of bottom 
type being symmetric. Denote by a the permutation of yi*^^^ defined from the combinatorial 
data TT of T, by the element of A such that 'JTb{a'f) = Trb{at) + 1, by 5(, the element of 
A such that TTbicih) = d — 1. We have a{v) = a{v), except for 

'^{a't,L)= {at,R), a{a[,L)= {ab,R), 
a{at,R)= {ab,R), a{at,R)= {ab,R), 
a{ab,L)= {ab,R), a(ab,L)= {at,R). 
Let if e C°(UJ* ). For v € A^'^\ we have Sip{v) — ip{v) except for 
SLp{ab,L) = ip{ab,L) + ip{u^^_^), 
Sip{ab,R) = ip{ab, R) + ip{at, R), 
S^{at,R) = fiud-i)- 
From these formulas, it is easy to see that d{S(p) = dip. □ 

Remark 3.3. Let € C^(UJ* ) such that ifi{v) = for all t> e A^'^\ Assume also that 
there exists i/i G C(/) such that ip = o T — ijj. Then, given such a function ijj, there is a 
family (i/'c)ces such that 

for all u e C, all C G S. The function ip, hence also the family {ipc)ces, is only well- 
defined up to an additive constant by cp. We will denote by z^(<^) the image in R^/M of the 
family (V'c)ces- 

3.2. Continuity of the solutions of the cohomological equation. The main tool in [MMYl] 
to obtain bounded solutions of the cohomological equations was the Gottschalk-Hedlund 
theorem ([GH], [Hel]). 

Theorem 3.4. Let f be a minimal homeomorphism of a compact metric space X, and let 
ip be a continuous function on X. The following properties are equivalent: 

(1) (p = ip o f — tp, for some continuous function ip on X; 

(2) (p = ip o f — tp, for some bounded function ip on X; 

(3) there exists C > Q such that the Birkhoff sums of ip satisfy \Sn<p{x)\ < C for all 
n e Z, a; G X; 

(4) there exists C > Q, xq & X such that the Birkhojfsums ofip satisfy \Sn<p>{xQ)\ < 
C for all n > 0. 

Let T be a (standard) i.e.m. with no connection. Let 

Z {r-™(ii*),T"(u5); Q<i,i <d, m^Q,n^Qi} 

be the union of the orbits of the singularities of T and T^^. In the interval / where T is 
acting, we split the points of Z into a right and left limits to get a compact metric space / 
(homeomorphic to a Cantor set) on which T induces a minimal homeomorphism T. Denote 
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by p the canonical projection from / onto /, so thatpoT = Top. Let (y9 e C"(lJ/4); then 
(fi := (f opis continuous on I. Assume that the Birfhoff sums (5„<^)„^o of ^ for T are 
bounded. Then the same is true for the Birkhoff sums of 99 for T and we conclude from 
Gottschalk-Hedlund's theorem that there exists a continuous function -tp on I such that 
(p = tpoT — '(j). For an arbitrary continuous function ^ on I, there is a priori no continuous 
function ijj on I such that ij) = o p. However, we have the following elementary result, 
which was not observed in [MMYl]. 

Proposition 3.5. Let ^ be a continuous function on I. Assume that (p = iIj o T ~ ip is 
induced by a function if G C*'(U/^). Then ip is induced by a continuous function on I. 

Proof. The continuous function ^ on / is induced by a continuous function on / iff, for 
every z € Z, the values of ^ on the two points zi , Zr of I sitting over z are equal. For 

z E Z, let S'il)(z) := 'ijj{zr) — ^j{zi). If z ^ u\, the values of 1]) — ij) o T 2A zi and Zr are the 
same, hence 5'4}{z) = S'ip(T{z)). Therefore, for every < i,j < d, m,n ^ 0, we have 
S'ip{T~"^{ul)) = Stp{ul) and 6tp{T^{Uj)) = d^piu^). As ip is continuous on / and every 
half orbit {T"(u5); n > 0} or {T"(uf); n < 0} is dense, we must have 5il}{z) = for 
aH z G Z, and the conclusion of the proposition follows. □ 

Corollary 3.6. Let T be a (standard) i.e.m. with no connection, ip G (^"(U/^). If the 
Birfhoff sums {Sn<f)n^o of (p for T are bounded, there exists ip € C°(J) such that (p = 
ipoT-ip. 

3.3. Interval exchange maps of Roth Type. We recall the diophantine condition on the 
rotation number of an i.e.m. introduced in [MMYl]. 

Let 7 be an 00-complete path in a Rauzy diagram D. Write 7 as an infinite concatena- 
tion 

7 = 7(1) * • • • * 7(n) * • • • 
of finite complete paths of minimal length. Define then, for n > 

Z{n) := B{n) := B^(i)*...*^(„) = Z{n) ■ ■ ■ Z{1). 

We introduce three conditions. 

(a) ForallT>0, ||Z(n+l)|| = 0(||B(n)||^). 

(b) There exists ^ > and a hyperplane Fq C F = IR-^ such that 

||S(n)|rJ| = 0(||B(n)||i-^). 

(c) Define 

F, = {x e F,3t > 0, ||B(n)x|| = 0{\\B{n)\D} 

and Fi"^ := B{n)Ts for n > 0. For fc < £, denote by {k, £) the restriction of B{k, £) := 
Bj(k+i)*---*j(i) to ri'^^ and by Bi,{k,i) the operator from F/F^'^^ to F/F^^' induced by 
B{k, £). We ask that, for all r > 0, 

\\B,{k,e)\\=0{\\B{£)\n, \\{B,{k,£))-'\\=0{\\B{£)\n. 

Remark 3.7. (1) The definition of Z{n) is slightly different from the definition in 
[MMYl], but an elementary computation shows that condition (a) with the present 
definition is equivalent to condition (a) with the definition of [MMYl]. 
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(2) Condition (b) is formulated in a slightly different way than in [MMYl], in order 
to depend only on the rotation number and not of the length data. But actually 
condition (b) impUes that there exists exactly one normahzed standard i.e.m. T 
with rotation number 7, that T is uniquely ergodic, and that the hyperplane Fq of 
condition (b) must be formed on functions in F with mean on /. 

(3) For any combinatorial data, the set of length data for which the associated i.e.m. 
has a rotation number satisfying (a), (b), (c) has full measure. For (c), this is an 
immediate consequence of Oseledets theorem. For (b), it is a consequence from 
the fact that the larger Lyapimov of the KZ-cocycle is simple (Veech). For (a), a 
proof is provided in [MMYl], but much better diophantine estimates were later 
obtained in [AGY]. 

(4) It follows from Form's theorem [For2] on the hyperbohcity of the KZ-cocycle that, 
for almost all rotation numbers, one has dim Tg = g. 

Deflnition 3.8. A rotation number 7 (or a standard i.e.m. T having 7 as rotation number) 
is of Roth type if the three conditions (a), (b), (c) are satisfied. It is of restricted Roth type 
if moreover one has dim F , = g. 

Remark 3.9. Let T be a standard i.e.m. of restricted Roth type. Then Fg is exactly equal 
to the subspace Ft C F of functions x G F which can be written as ip o T — tp, for 
some tp G C°(I). Indeed, we have F^ C Ft from [Zo2] or [MMYl]. On the other 
hand. Ft is contained in the subspace F* c F of functions which go to under the KZ- 
cocycle. As the KZ-cocycle acts trivially on F/Fg, F" is contained in Tq and is actually an 
isotropic subspace of this symplectic space. As Fg c F" and dim Tg = g, we must have 
Ft = F,, = F«. 

Let r be a standard i.e.m. of restricted Roth type. Choose a g-dimensional subspace 
F„ c Tg such that Fg = F^ F„. We recall the main result of [MMYl], in the form 
that is convenient for our purpose. We denote by C^+^^(U/*J the space of functions 
If € C^(U/^) such that Dip is a function of bounded variation. We write 

\D^\bv = ^ Var/^£)(^, ||^||i+By = M\o + \\D^\\o + \D^\bv- 

a 

We denote by Cg+^^ (U/* ) the intersection of Ci+^^ (U/* ) with the kernel of the bound- 
ary operator d. 

Theorem 3.10. Let T be a standard i.e.m. of restricted Roth type. There exist bounded 
linear operators Lq : ip ^ from C^~''^^(U/^) to C^{I) and Li : ip ^ x from 
Cg+^^(U/* ) to F„ such that, for all f e C9+^^(U/* ), we have 

ip = X + i>°T-tp . 

Remark 3.11. In [MMYl], the result was formulated in the following weaker way: for 
every ip e C^+^^(LI/^) with j\Dip{x)dx = 0, there exists x ^ T and a bounded 
function ip on I such that ip = x + '>P°T — ip. To obtain the present stronger form, we 
observe that 

• by Proposition 3.5 or Corollary 3.6, the solution tp is automatically continuous on 
7; 

• the condition fj Dip{x) dx = means that we ask that the sum of the components 

of dcp is 0. In view of Proposition 3.2, part (2), it is then possible to substract 
X e F in order to have d{(p — x) = 0. However, in view of Proposition 3.2, part 
(1), it is more natural to start with G C^"'"^^(U7* ). Then, the correction x must 
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belong to Tg. As Tg = Tt from Remark 3.8, there is a unique way to find tlie 
correction x e r„ in order to have (p — x = 4'°T — ^for some tp € C°(/). 
• That the operator tp (and consequently also the operator i-> x ) is bounded 
follows from the proof in [MMYl]. One shows that , for some X € T, the Birkhoff 
sums of if — X satisfy 

\\Sn{<P - X)\\0 ^ CMl+BV , 

and then Gottschalk-Hedlund's theorem imply that \\tlj\\ct ^ C \\(p\\i+BV- 
In Appendix A, we show that it is possible to deal in the same way with functions if G 
Ci+^(U/^),foranyr > 0. 

3.4. The cohomological equation in higher smoothness. This subsection is a sUght 
modification of the corresponding subsection in [MMYl], taking the boundary operator 
into account. We assume that T is a standard i.e.m. with no connection. 

For r > 1 we denote by r(r) the set of functions x S C°° (U/^) such that the restriction 

of X to each is a polynomial of degree < r, by Tg (r) the subspace of functions x S 
r(r) which satisfy dD^x = for all ^ i < r, by rr(r) the subspace of functions 
X € r(r) which can be written as o T — ^ for some tp G C"'"^ (/). We observe that for 
tp e C'-^ (/), we have dD'{ip oT - ip) = for allO ^ i < r, hence jrir) C Te{r). 

Proposition 3.12. One has 

dimr(r) = rd, dimrg(r) = (2g — l)r + 1, dimrT(r) = dimFr + r — 1 . 

Proof. The first assertion is obvious. For r ^ 1, the derivation operator D sends T{r + 1) 
into r(r), Trir + 1) into Trir), Tgir + 1) into Tgir). 

Let X e rT(r). Write x = tjj o T - ip with ijj e C"'~^(7). Let ijji e C'~(l) a primitive 
of tp and xi ■= tpi o T — tpi. Then xi belongs to rr(r + 1) and I^xi = X- Therefore 
D : Frir + !)-)• Trir) is onto. If xi e Txir + 1) satisfies I^xi = 0, we write 
Xi = tjji oT — ipi with ^/ii S C"'(/). Then := i^V'i is continuous and T-invariant, hence 
constant (as T is minimal), which imphes that ip\ G M(5. Conversely, is contained in 
the kernel of D : Trir + 1) ^ ^rir), hence equal to this kernel. We conclude that 
dimr7'(r) = dimFr + r — I. 

Let X e ra(r). Let xi G r(r + 1) with Dxi = x- We have xi G ^d{r + 1) iff 
9xi = 0. The sum of the components of dxi is equal to Jj x{x) dx, hence Jj xi^) dx = 
is a necessary condition for x to be in the image by D of Tg{r + 1). On the other hand, 
the condition is also sufficient by Proposition 3.2, part (2). Also by Proposition 3.2, part 
(2), the kernel of D in Tg{r) is Tg = ImO(7r) which is of dimension 2g. We conclude by 
induction on r that dimra(r) = {2g — l)r + 1. □ 

We define C"'+^^(U/*) as the space of functions (f e C"'(U/*) such that is of 
bounded variation. We endow this space with its natural norm. We denote by C5+^^(U4) 
the subspace of ip € C"'+^^(U/* ) such that dD'ip = for all < i < r. 

Theorem 3.13. There exists a bounded operator II : Cg"'"^^(u7^) — )• Tg{r)/TTir), 
extending the canonical projection from Tg{r) to Tg{r)/TT{T), and a bounded operator 
if ip from the kernel of IL to C^~^{I) suchthat, if(p G Cq'^^^ {Ul*^) satisfies I\.{(p) = 0, 
then we have 

tp = tp O T — lb . 

In other terms, if we choose a subspace Tu{r) C Tg{r) such that Tg{r) — Txir) ® 
r„(r) and identify the quotient ra(r)/rT(r) withr„(r), we can write any ip G (^^^^^(UJ* ) 
as<p = U{ip) +tpoT-tp, with tp e C"'-i(J). 
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Proof. The proof is by induction on r, the case r — \ being the theorem above. Assume 
that r > 1 and the result is true for r — 1. Let <^ e Cg"'"^^(U7* ). According to the 
induction hypothesis, we can write 

where xi e ra(r-l) and ?Ai e C'-'^iJ). LetV' e C^'^Cl) a primitive of V)!- Then there 
exists a primitive x of xi such that 

ip = X + '^°T -ij; . 

As d(p = 0, we must also have dx = and thus x belongs to Tsir). This completes the 
proof of the induction step. □ 



4. A CONJUGACY INVARIANT 

4.1. Definition of tlie invariant. Let r be an integer > 1 or oo. We denote by J'^ the 

group of r-jets at of orientation preserving diffeomorphisms of M fixing 0. 

Let TT = (TTt, TTf,) an element of a Rauzy class 3? on an alphabet A, and let T be a 
generalized i.e.m. of class C with combinatorial data tt. For each v e A^^\ we define an 
element j(T, v) e J'^ as the r-jet at of 

x^T{u\v)+x)-v!'{v), 

where x varies in an interval of the form (0, xq) when v = {a, L), (— a;o, 0) when v = 
(a, R), and the r-jet at exists by definition of a generalized i.e.m. of class C". 

For each cycle C of a, we choose an element G C and we write C = {vq, vi = 
(t{vq), ■ ■ ■ , Vk.}. We then define 

J{T,C) := j{T.vor^-»\j{T,v,)<"^^ ■ ■ ■ j{T,v^y^-^^ e J^ 

where, as in subsection 3.1, we have e{v) = — 1 if t; = (a, L), £{v) = +1 if z; = (a, R). 

Definition 4.1. The invariant J{T) of T is the family, parametrized by the cycles C e S 
of a, of the conjugacy classes in J"" of the J(T, C). 

It is clear that the conjugacy class of J(T, C) does not depend on the choice of the 
element vq G C. 

When d = 2, the invariant J(T) is the obstruction for T to be C'-conjugated to a 
C-diffeomorphism of the circle. 

4.2. Conjugacy classes in J^. The classification of elements in J°° up to conjugacy is 

well-known and a simple exercise. The classification in for finite r is an obvious con- 
sequence, truncating to order r the Taylor developments. It is not used in the rest of the 
paper. 

Let j be an element of J°°. If j is distinct from the neutral element of J°°, its contact 
with the identity is an integer ^ 1. 

If fc = 1, i.e the linear part of j is distinct from the identity, then j is conjugate to its 
linear part. 

If > 1, there exists in the conjugacy class of j a unique element of the form x i-^ 
x±x'' + aa;^'^-! (a e K). 
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4.3. Invariance under conjugacy. Let r be an integer ^ 1 or oo. Let tt = (7rf,7rb) an 
element of a Rauzy class on an alphabet A, and let T be a generalized i.e.m. of class C' 
with combinatorial data tt. 

Let /i be a C orientation preserving diffeomorphism from the interval I = {uq, Ud) for 
T to some other open bounded interval I = {uq, Ud), which extends to a C' diffeomor- 
phism from the closure of I to the closure of /. 

Let T = ft, o T o h~^, acting on /. 

Proposition 4.2. The invariants ofT and T are the same. 

Proof. For xq in the closure of /, let j{h, xq) be the r-jet at of a: i-^ h{xQ + x) — h{xo). 
For V G A'^'^K we have 



jif,v) = jih,u\v))jiT,v)j{h,u\v))-\ 
Writing j(f,u)'^('^) = j{h,x+{v))j{T,v)<''^ j{h, X-{v))-\ we check ±at for all v € 



we have X-{v) = x^{ct{v)): 

• if t; = (a, R), a ^ at, then X-{v) = x+{a{v)) = 

• if t; = (a, L), a ^ (,a, then X-{v) = x+{a{v)) = u''{v); 

• iiv = {at, R), then x-{v) = x^{a{v)) = 1; 

• if f = ((,a, L), then x-{v) = x+{a{v)) = 0. 

We obtain therefore, for C gT,,vo as in the definition of J(T, C) 



4.4. Invariance under renormalization. Let r be an integer > 1 or oo. Let tt = {wt, iTb) 
an element of a Rauzy class 3? on an alphabet A, and let T be a generahzed i.e.m. of class 
C" with combinatorial data tt. 

We assume that ^ ^d-i' perform one step of the Rauzy- Veech algo- 

rithm to obtain a generalized i.e.m. T, which is also of class C". We denote by tt the 
combinatorial data for T. As in Proposition 3.2, part (4), the set of cycles of the permuta- 
tion a of A^^^ induced by tt is naturally identified with E. 

Proposition 4.3. The invariants ofT and T are the same. 

Proof. We assume that the step of the Rauzy- Veech algorithm from T to T is of top 
type, the case of bottom type being symmetric. Denote by a't the element of A such 
that TTbio-'t) = T^bictt) + 1, by 5;, the element of A such that 7r6(5(,) = d — 1. We have 
a{v) = a{v), except for 



J(f , C) = j{h, x+{vo))J{T, C)j{h, x+{vo)) 



-1 



The proof of the proposition is complete. 



□ 



a{a't,L)= iat,R), a-{at,L)= {ab,R), 
a{at,R)= iab,R), a{at,R)= {ab,R), 
a{ab,L)= {ab,R), a{ab,L)= {at,R). 
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where j* is the r-jet of T at Thus, we have 

j{f, {ab, L))-' j{f, {at, R)) = j{T, (a^, L))-^ . 
In view of the formulas for a, we obtain the cancellations that prove the proposition. □ 

4.5. Relation with the boundary operator. Let r be an integer > 1 or oo. Let tt = 

(TTt, TTfo) an element of a Rauzy class 3? on an alphabet A, let Tq be a standard i.e.m. with 
combinatorial data tt, and let (Tt)tg[_t(j be a family of g.i.e.m.'s of class through Tq 
with the same combinatorial data tt. 

We assume that that t i~> Tt is of class in the following sense: denote by {f) < 
. .. < u\_i{t) the singularities of Tt, hy u\{t) < ... < u-^_i(t) those of ^ then the 
functions t ^ u\{t),t ^ Uj{t) are of class C^; moreover, for each a & A, each ^ i ^r, 
the partial derivative dtdlTt{x) should be defined on {{t,x); t e [— io,to], x e } 
and extend to a continuous function on the closure of this set (i.e including the endpoints 
of/*(t)). 

The function ip{x) := ^|j^o7t(a;) is then an element of C"'(U7* ). 

Proposition 4.4. (1) One has dip = 0. Conversely, for any ip € Cg(U/^), there exists 
a C^-family of g.i.e.m.'s of class C" such that ip = ^^t_^t- 
(2) Assume that, for some 1 ^ k ^ r, the conjugacy invariant ofTf in is trivial for 

all t G [—to, to]. Then one has dD^'ip = Ofor all 1 ^ £ ^ k. 

Proof (1) Fori; e A'^^K let = f^^^^y{v,t),du\v) ^ Tt \t=(y , t) . 

Differentiating at i = the relation Tt{v}{v,t)) = u^{v,t) gives 5u*{v) + 
ip{v}{v)) = 5v}'{v), from which dip = follows easily. 

Conversely, for p e Cg(U/^), one can choose the u^(t) such that Su'^{i)) + 
(p{u*{v)) = 6u^{v). Then it is easy to complete the construction to get a family 
(Tt) with the required property. 
(2) Writing the fc-jet of a germof C-diffeomorphism / of (K, 0) as (£>/(0), • • • , -D*=/(0)), 
we have, for v G A^"^^ 

^ j{Tt,v) = {Dip{u\v)),--- ,D^ip{u\v))). 

As the product close to the identity in any Lie group (like J^) is commutative up 
to second order terms, the assertion of the proposition follows. 

□ 

Remarlc 4.5. The conjugacy invariant in (which is commutative) can be defined directly 
from the boundary operator: identifying with M by associating to a germ / the logarithm 
of its derivative at 0, we have indeed that the invariant in of a g.i.e.m. T of class is 
9 log DT, where log DT is considered as a function in C(U/^). 

Remark 4.6. For an affine i.e.m. T, the invariant in J°° coincides with the invariant in . 
The function log DT belongs to F, and the invariant takes its values in Rq . 

5. The main theorem: statement and reduction to the simple case 

5.1. The setting. Let tt = (tt* , TTfe) an element of a Rauzy class on an alphabet A, and 
let To be a standard i.e.m. of restricted Roth type with combinatorial data tt. 

We fix an integer r ^ 2. We will consider a smooth family (Tj) through Tq of general- 
ized i.e.m. , acting on the same interval / = (uq, u^). Our main theorem will describe the 
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set of parameters for which Tj is conjugated to Tq by a C-diffeomorphism of the closure 
of I which is C-close to the identity. 
We set 

d* = {2r + l){g ~ I) + s. 
Let £ be an integer > 0. The parameter t runs in a neighborhood V := [—to, t^f^'^ of 
in . We write t = (t', t") with t' e [-to, to]^ and t" e [-to, to]"^* • We also assume 
that 

• Each Tt is a generalized i.e.m. (with the same combinatorial data than To) of class 

• The map t i— > Ti is of class in the following sense. Denote by u'j^ (t) < . . . < 
Ud-i{t) the singularities of Tt, by u\{t) < ... < (t) those of Tf ^ . Then the 
functions t u*(t), 1 1-)- u'j{t) are of class C^. Moreover, for each a G A, each 
^ i ^ r + 3, each 1 ^ i ^ £ + d* , the partial derivative 9/ dl.Tt{x) should be 
defined on {(t, x); t S a; G -'^^(t) } and extend to a continuous function on the 
closure of this set (i.e including the endpoints of /^(t)). 

As we look for g.i.e.m.'s which are C^-conjugated to standard i.e.m. , it is certainly 
natural and necessary to assume that the conjugacy invariant in of Tt is trivial for all 
t gV. We will actually need the stronger assumption 

• For all t €:V, the conjugacy invariant of Tt in J''+^ is trivial. 

Consider the derivative with respect to t of Tj at t = 0. It can be viewed as a linear map 
AT from M^+''' to C"'+3(U/^) (where we write instead of 4(0)). Because the J^+s 
invariant is trivial for all t e V, it follows from Proposition 4.4 that any function </? in the 
image of AT satisfies 

dD^ip = 0, VO s$ ^ sC r + 3. 
In particular, the image of AT is contained in the space C^'^^^^^(U/^) of subsec- 
tion 3.4 and we can compose AT with the operator 11 : Cg+^+^^(u7*) Td{r + 
l)/TT{r + 1) of Theorem 3.13 to obtain a map AT : To{r + l)/rT(r + 1). 

Observe that, according to Proposition 3.12, the dimension of ra(r + l)/rT(r + 1) is 
g + r{2g — 2) = d* — s + 1. We will make the following transversality assumption: 

• (Trl) The restriction of AT to {0} x W'-' is an homomorphism onto Ta{r + 
l)/rT(r + l). 

After a linear change of variables in parameter space, we can and will also assume that 
X {0} is contained in the kernel of AT. 

When s = 1, d* is equal to the dimension of rf)(r + l)/TT{r + 1); then (Trl) means 
that the restriction of AT to {0} x R''-' is an isomorphism onto ro{r + 1) /Trir + 1). 

When s > 1, we will ask for one more tranversality condition. Let t G KcrAT, (p := 
AT{t) e C"^+3(U/4) n C^+^+^^(U/4). The image n(^) in Voir + l)/rT(r + 1) is 
equal to 0. On the other hand, let € C""+^(7) a function such that tp{0) = tp{l) = 
0, and ii{ul)^= J:wKTt)|r=o, V^K^) = |:u5(Tt)|^=o for all < i,j < d. Then 
Lpi := (f + %!; — -tp o T satisfies n((/5i) = and (pi{v) = for all v € A^'^\ Writing 
fi = tpi ° To — tpi and considering the values of tpi on the cycles of a, we define as in 
Remark 3.3 an element z^(<pi) € M^/M. It is obvious that this vector only depends on t 
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(not on the choice of ^p) and we denote it by ^{t). We ask that 

• (Tr2) The restriction of V to the intersection of the kernel of AT with {0} x M!^ 
is an isomorphism onto M^/M. 

After a Hnear change of variables in parameter space, we can and will assume that x {0} 
is equal to the kernel of V. 

5.2. Statement of the Theorem. Under the hypotheses of the last subsection, we have 

Theorem 5.1. There exists ti ^ to and a neighborhood W of the identity in Diff'^(J) with 
the following properties: 

(1) for every t' € [—ti,tiY, there exists a unique t" =: ^(t') € [— tijti]"^ and a 
unique h =: ht' € W such that, with t = {t' , t") 

Tt = hoToo h-'^ ; 

(2) the maps t' i— >■ t" = 9{t') and t' ^ hfi are of class C^; moreover 9{0) = and 
D6\t,=o = 0. 

The theorem thus states that, amongst 6"^+^ g.i.e.m.'s close to Tq with trivial conjugacy 
invariant in those which are conjugated to Tq by a C diffeomorphism close to the 

identity form a submanifold of codimension d* = {g — l)(2r + 1) + s. The theorem 
also describes the tangent space to this submanifold at Tq, in terms of the cohomological 
equation. 

As we look for a C'-conjugacy to a standard i.e.m. , it is natural to restrict our attention 
to generalized i.e.m.'s with trivial C-conjugacy invariant in J^. It is unclear whether 
it is necessary to assume, as we do, that the C"'"^ conjugacy invariant is trivial. In the 
circle case {d = 2), a Unearization theorem still holds if one only assumes that the C"'"^- 
conjugacy invariant is trivial; the situation is unclear when only the C-conjugacy invariant 
is assumed to be trivial. 

5.3. Simple families. 

Definition 5.2. We say that a family (Tj) as above is simple if 7i' (t) is, for all < i < d, 
independent of t, and if, for all a e ,A and all t, Tt coincides with Tq in the neighborhood 
of each endpoint of 

The aim of this section is to show the 

Proposition 5.3. There exists t2 < to and a family t^j^+d- Diff''~'~^(/) 

such that the family (T() := (h^^ o Tt o ht) is simple and still satisfies the hypotheses of 

the last section. 

Proof. Write u^, vJj for w- (0), Uj(0). A first step is to choose a family (/it)(g[_(2 t2]'+'''' 
in Diff°°(J) such that /it(M*) = htiu'^^) = u){t) for all t G [-^2,^2]^+'''. This is 

possible, after taking t2 < to sufficiently small, since the «*, are all distinct (as Tq has 

no connection). Then, for the family (Tt) := {h^^ oTfO h^), we have that the ul{t) and 
Uj{t) are independent of t. 

Next, foTv e A^^\ t e [-t2,t2Y~^'^' , we introduce the (r + 3) -jet j {ft, v) of Subsec- 
tion 4.1. For every cycle C = {vo, ■ ■ ■ , Vk} of a, every t G [—t2, t2\^^'^ , we have 

J(ft,C) :=i(ft,i;or(-°)...i(ft,t;«)^("'') = 1 . 
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We look now for a family (/it)jg[_j2 j^jf+d* in Diff^^'^(/) such that: 

(1) ht (ul ) = ul, Tit [u] )=u] , for all t € [-^2 , ^2]^+"^* ,0<i,j<d; 

(2) ft o ht{u\v) +x) = ht{u^{v) + x), for all u e ^^^^ of the form (a, L),,x>0 
small enough; 

(3) ft o ~ht{u*{v) -x) = htiu^iv) - x), for all v e ^(^^ of the form (a, R),x>Q 
small enough. 

These conditions obviously imply that T, := ht~^ oTtoht is simple (and still satisfies the 
hypotheses of the last subsection). It is possible to solve (l)-(3) for ht € Diff'^'''^ (/), since 
(2) and (3) connect values of ht on different small intervals bounded by the singularities. 
Compatibility conditions then occur on the product of r-jets along cycles of a; they are 
fulfilled as soon as the conjugacy invariant is trivial. □ 

According to Proposition 5.3, it is sufficient to prove Theorem 5.1 for simple famihes. 
This will be done in the next section for r ^ 3, and in Section 7 for r = 2. 

6. Proof: C"'-conjugacy, r > 3 

In this section, we assume that r ^ 3 and will prove the theorem in this case. The case 
r = 2 will be dealt with in the next section. Let therefore (Tj) be a family of C""+^ 
g.i.e.m.'s satisfying the hypotheses of subsection 5.1. According to Proposition 5.3, we 
can and will also assume that the family is simple. 

Recall that the Schwarzian derivative of a orientation preserving diffeomorphism / 
is defined by 

Sf := D^LogDf^^iDLogDff. 
The composition rule for Schwarzian derivatives is 

S{fog)=Sfog{Dgf + Sg. 

6.1. Smoothness of the composition map. The tangent space at id to Diff'"(7) is the 
space CJ^^(){I) of C-functions on / vanishing at Uq and u^. 

Lemma 6.1. The composition map 

c"'(j) X Dir(7) ^ c"-i(j) 

h) ^ ip o h 

is of class C^. Its differential at (0, id) is the map {6(p, 5h) ^ Sip from C"'(/) x Cqq{I) 
toC-^I). 

The map {if . h) 1-^ (poh valued in C''(/) is only continuous. It becomes when seen 
as taking its values in C""^^ (/). The formula for the derivative at (0, id) is elementary. 

We denote by C^o„jp(UJ^) the space of functions (f € C'^(U/^) which vanish in the 
neighborhood of the endpoints of each Obviously, a map if G C^g^p{\Jl^) satisfies 
dD^ip = for ^ ^ ^ fc. 

Lemma 6.2. The map 

$ : [-to,toY^'^ X Dir(/) ^ C:-4(U/*) 
(t, h) ^ STt o h{Dh)'^ 
is of class C^. Its differential at (0, id) is the map {6t, 6h) 1— >■ D^d(p from M^"'"'^ x Cq q(/) 
toC^,-J,piUli),with5^ = ATiSt). 
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Proof. From the formula above for STt, the derivative oi t ^ STt at t — is 6t i-^ 
D^AT{6t). The Lemma then follows from Lermna 6.1 and an elementary computation. 

□ 

6.2. The cohomological equation. We fix in the following a subspace r„ in Tg^r — 2) 

such that 

Te{r - 2) = Trir - 2) e r„ e Ml . 
According to Proposition 3.12, we have 

dimr„ = (2r-5)(5-l). 

From Theorem 3.13, there exist bounded linear operators Lq : Cg~^ (Ul^) — ^ Cq~^(J), 
Li : Cq~\uII) r„ such that, for (p e Cg-^{Ull), we have 

'P = j ^{x)dx + Li{ip) + Lo^ip) o To - Lo{(p) . 

Here, CJ-^(/) is the space of C" ^ functions on I which vanish at uq. 
Lemma 6.3. The map 

* : [-to,to]^+''* X Dir(I) ^ Cl-\1) 
{t,h)^Lom, h)) 

is of class C^. Its differential at (0, id) is the map {5t, Sh) i-> Lo{D^5(p) from M^+'' x 
C^_o(?) to Co~^(l) ' with Sip = AT{6t). 

Proof. Indeed, Lq is Unear and the derivative of $ has been computed in Lemma 6.2. □ 

6.3 . Relation between a diffeomorphism and its Scliwarzian derivative. The next three 
lemmas present the Schwarzian derivative operator as a composition of a first-order quasi- 
linear operator with a second-order non-Unear differential operator which is sometimes 
called the nonlinearity operator. 

Lemma 6.4. The map 

K : Difr'"(7) ^ ^-2(7) 

h i~> DLogDh 

is a C°° -diffeomorphism. Its differential at id G Diff'^(/) is the map 6h i-^ D^Sh from 

Proof. That >f is a C°° map and the formula for its differential at id is elementary. Given 
G (7), let Ni e C""- ^ (7) be the primitive of A'' such that the mean value over 7 of 
exp(Afi) is 1. Define then 

h{x) = / exp{Ni{t))dt . 

J Uo 

It is clear that h e Diff'~(7), that it is the only element of Diff'~(7) such that ?\f(/i) = N 
and that TV /lis C°°. □ 

Lemma 6.5. The map 

Q : C"'-2(7) ^ Cj;-^(I) X 
N^{i; = DN-^N^- Co, Co = DN{uo) - ^N^uo),ci = N{uo)) 
is of class C°°. Its differential at is given by 

5tp = DSN - Sco, Sco = DSN{uo), Sci = SN{uo) , 
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which is an isomorphism from C^'^^(I) onto Cq^^{I) x M^. Therefore, the restriction 
of Q to an appropriate neighborhood of G C^~^{I) is a -diffeomorphism onto a 
neighborhood of (0,0,0) e C^~^(l) x M^. 

Proof. The first two statements are obtained by elementary computation. The last one is a 
consequence of the inverse function theorem in Banach spaces. □ 

Lemma 6.6. The map 

S := Q o K : DiflT (I) (^^-^(I) x 

h (V', Co, ci) = {Sh — Sh{uo), Sh{uo), DLogDh{uo)) 

is of class C^, and its restriction to an appropriate neighborhood of id G Diff^ (/) is a 
C°° -diffeomorphism onto a neighborhood of {0, 0, 0) G Cq^^{I) x M^. The differential of 
Satid e Diff''(7) is the isomorphism 6h H> {D^dh - D^6h{uo), D^dh{uo), D'^6h{uo)) 
from C5_o(7) to C^-^(l) x R^. 

Proof. This is a direct consequence of the last two lemmas. □ 

We denote by Wq, Wi neighborhoods of id in Diff (J) and of (0, 0, 0) in C^-^ (I) x 
respectively such that S defines a C°°-diffeomorphism from Wq onto Wi. We denote by 
V :Wi ^ Wo the inverse diffeomorphism, and by P the differential of ? at (0, 0, 0). 

6.4. The fixed point tlieorem. 
Lemma 6.7. The map 

{t, h,co,ci)^ /i), Co, ci) 

is defined and of class in a neighborhood of (0, id, 0, 0) in [—to, toY^'^ ^ DifF'^(/) X 
K^, with values in Wq. Its differential at {0, id, 0,0) is the map (St, Sh, Scq, Sci) i— ^ 
P{Lo{D'^Sip),Scn, Sci), with Sip = AT (St), from M^+'^' x C^^oW x 'o ^o.oW- 

Proof. This is a consequence of lemmas 6.3 and 6.6. □ 

Lemma 6.8. There exist an open neighborhood W2 of id G DifF'^(/) and an open neigh- 
borhood W3 0/(0,0,0) G [-^0,^0]'^^'^' X such that, for each {t,co,ci) G W3, the 
map 

h^V{^{t, h),CQ,ci) 

has exactly one fixed point in W2, that we denote by 5{{t, Cq, Ci). Moreover, the map 
"K is of class on W3, and its differential at (0,0,0) is the map {St,ScQ,Sci) 1— >■ 
P{Lo{D^6(p), 6cq, 6ci), with Sip = AT{St),from ]R^+<^* x to C^^o(I). 

Proof. This is a consequence of the implicit function theorem applied to the fixed point 
equation T(4'(f, h),co,ci) = h. □ 

Let {t, Co, ci) € W3, h = 'K{t, cq, ci). Then h satisfies 

m,h)=STtoh{Dhf = L-^{^{t,h))+ ( m,h){x)dx +ShoTo-Sh. 

Jo 

For (t,co,ci) e W3, we write if := Tto/ioTg-^ We have if = /i iff = /loToo/i"!. 
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6.5. Conditions for H to be a diffeomorphism. 

Lemma 6.9. For (t, cq, ci) e W3, the following are equivalent 

(1) h{u\) = u\for allO<i< d; 

(2) H is an homeomorphism of I satisfying H{u^) = u'jfor all < j < d. 

Proof. The map H is 1-to-l (mod. 0), fixes uq and Ud and is continuous except perhaps 
at the Up < j < d. Looking at the left and right hmits of H at these points gives the 
lemma. □ 

When the equivalent conditions of the lemma are satisfied, H is in fact a piecewise C" 
diffeomorphism of /, with possibly discontinuities of the derivatives of order ^ 2 at the 

Lemma 6.10. Let {t, Cq, Ci) G W3 such that the equivalent conditions of the last Lemma 
are satisfied. Then H is a -diffeomorphism of I iff one has, for all v = (a, L) e .A^^^ 
with 

LogDh{u\v)) = LogDh{u\a{v))), DLogDh{u* (v)) = DLogDh{u* {a{v))) . 

Proof. Indeed these relations express that the left and right limits of the first two derivatives 
of H at the are the same. □ 

Remark 6.11. When v = {a, R), a 7^ at, one has = u'^{<t(v)), hence 

LogDh{u\v)) = LogDh{u\a{v))), DLogDh{u\v)) = DLogDh{u\a{v))) , 
is always true. 

Lemma 6.12. Let (f, co,ci) € W3 such that the equivalent conditions of the last two 
Lemmas are satisfied. Assume also that Cq, Ci))) = 0. Then H is a C""- 

dijfeomorphism of L 

Proof. We have to prove that the derivative of order 3 + /c of is continuous at each 
for all < fc < r — 3, < j < d. This is equivalent to show that, for all < < r — 3, 
all i; = (a, i) e .A^^) with 

D^Sh{u^{v)) = Sh{u\c7{v))) , 

with h = Ji{t, Co, ci) as above. 

As Li{^{t, 'K{t, Co, ci))) = 0, we have 



Jo 



STtoh{DhY= I ^{t,h){x)dx +ShoTo-Sh 

and, for < A; < r - 3 

D''{STt o h{Dhf) = D'^Sh o To - D^Sh . 

As D^STt vanishes at the u* for < i < rf, < < r — 3, and D^Sh is continuous at 
u^, the required equalities follow. □ 
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6.6. Equations for the conjugacy class of Tq. 

Proposition 6.13. Let (t, Cq, Ci) € such that h — Cq, Ci) satisfies 

h{u\) = u\ for all < I < d, 

LogL»/?,(7i*(u)) = hogDh{u\(j{v))), ioi &\\v ^ {a,L) eA'^'^Ka^ ba, 

D\jOgDh{u\v)) = DhogDh{u\a{v))),{oval\v={a,L)(^A^^\a^ ba, 

L,mt,h)) = 0; 

Then , if{t, cq, ci) is close enough to (0, 0, 0), we have TfO h = hoTo. 

Conversely, let t € [— ^oi ^o]^"'''' '^"^ h G Diff'^(/) such that Tj o /?, = /? o Tq. Let 
Co = Sh{0), Ci = DhogDh{0). If t is close enough to and h is close enough to the 
identity, then h = !K{t, cq, ci) and the relations above are satisfied. 

Proofi We first prove the second part of the proposition. Let t e [—to, toY'^'^' close to 
(0, 0, 0), /i e Diff''(7) close to the identity, such that o /i = /i o Tq. Then we have 

STt o h{Dhf = ShoTo- Sh . 

Let Co = 5/1(0), ci = £»Log£)/i(0). Then we have h = h), cq, ci) and therefore 

h = Jf(t,co,ci). Moreover Co, ci))) = holds. Finally, H := Tt ohoT^^ 

is equal to h, hence it follows from Lemmas 6.9 and 6.10 that the other relations in the 
proposition are satisfied. This concludes the proof of the second part of the proposition. 

For the proof of the first part, the argument is slightly different, depending whether 
(«(, R) and ( (,a, L) belong or not to the same cycle of a in A^'^K Let t,co,ci,h as in the 
proposition. From Lemma 6.12, we already know that h and H belong to Diff'"(7). 

• We first assume that {at, R) and ( (,a, L) belong to the same cycle of a. 

Byassumption(andRemark6.11), wehaveLogD/i(u*(f)) = LogDh{u*^{a{v))) 
for all u e A^"^^ except {at, R) and ( bCt, L). In particular, this gives 

hogDh{uo) = LogDh{u\ta,L)) = LogDh{u\at, R)) = LogDh{ud), 

LogDH{uo) = LogDh{u*{ba,L)) = LogDh{u\ab, R)) = LogDH{ud). 

The same argument apphes to DLogDh and to D'^Sh for < k < r — 3, ac- 
cording to the proof of Lemma 6.12. This allows to conclude that both h and H 
are induced by C-diffeomorphisms of the circle T obtained by identifying the 
endpoints of I. Moreover, the relation STt o h{Dh)'^ = c + ShoTo — Sh implies 
SH = Sh + c, with c = Jq ^{t,h){x) dx . The following lennma allows to 
conclude that h = H. 

Lemma 6.14. Let Diff'^(T, 0) the group of orientation preserving C diffeomor- 
phisms of the circle fixing 0, and let Cg~^(T) be the space of C^~^ functions on 
the circle vanishing at 0. The map 

Diff(T,0) C5"^(T) 

Sh- Sh{{)) 

is of class C°° and its restriction to an appropriate neighborhood of the identity 
is a C°° diffeomorphism onto a neighborhood ofO in Cq~^{T). 
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Proof. The first assertion is trivial, the differential at the identity being the map 
6h ^ D^Sh - D^Sh{0) from CJ(T) (the space of C functions on the circle 
vanishing at 0) to Cq^''(T). This is clearly an isomorphism, hence the lemma 
follows by the implicit function theorem. □ 

• We now assume that {at, R) and ( (,a, L) do not belong to the same cycle of a. 

By assumption (and Remark6.11), we still have LogDh(u*{v)) = LogDh{u* {a{v))) 
for all V G A^^^ except {at, R) and ( i,a, L). This now gives 

Log_D/i(uo) = Log£)/i(u*( ta, L)) = ljOgDh{u*{i,a, L)) — hogDH{uo), 

LogDh{ud) = LogDh{u^{ai,R)) = LogDh{u*{ab, R)) = LogDH{ud). 

The same argument applies to DLogDh and to D^Sh for ^ fc ^ r — 3, accord- 
ing to the proof of Lemma 6. 12. This allows to conclude that the r-jets at uj^ of h 
and H are the same. Moreover, the relation STt o h{Dh)^ = c + Sh oTq — Sh 
implies SH = Sh + c, with c = ^{t, h){x) dx . As SH{ud) = Sh{ud), we 
must have c = 0. As Sh = SH and the 3-jets of h and H at ua are equal, we 
conclude also in this case that h = H. 

□ 

6.7. End of the proof of Theorem 5.1 for r ^ 3. From the proposition above, we have to 
determine in a neighborhood of G [—to, toY^"^ the set of t for which, for some (cq, ci) 
close to (0, 0), the diffeomorphism h = Oi{t, cq, ci) satisfies 



(6.1) h{ul) = ul forallO<i<rf, 

(6.2) LogDh{u*{v)) = LogDh{u\a{v))), for all v = {a,L) e ^ 

(6.3) DhogDh{u\v)) = DhogDh{u\a{v))), ior aWv = {a,L) € A'^^\a ^ bOt, 



(6.4) Li($(t,/i)) = 0. 

We will see that there are exactly {d* + 2) independent equations for t, cq, ci in the 
system above. Looking at the linearized system at (0, 0, 0) will allow to apply the implicit 
function theorem and conclude. We deal separately with the same two cases which ap- 
peared in the proof of Proposition 6.13. 



• We first assume that {at, R) and ( {,a, L) belong to the same cycle of a. 

There are {d — 1) equations in (6.1), (2r — b){g — 1) equations in (6.4) (the 
dimension of r„). In (6.2), for each cycle of a which does not contain ( ^a, L), 
there is one redundant equation. So the number of equations in (6.2) is really 
(d — 1) — (s — 1) = {2g — 1). Similarly, there are {2g — 1) equations in (6.3). 

Therefore the total number of equations in the system (6.1)-(6.4) is (rf — 1) -|- 
(2r - 5)(.g - 1) + (2g - 1) + {2g - 1) = d* + 2 as claimed. 

Consider now the linearized system obtained from (6.1)-(6.4) at (0, 0, 0). Writ- 
ing as before 5^p = AT{t), we have, from Lemma 6.8 



5h = P{Lo{D^6tf), 5co, 5ci). 
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From the definition of Lq and P (cf.Lemmas 6.6), this is equivalent to 



D^Sifi = D^Sh o To - D^Sh + Li{D^S(f), 
D^Sh{0) = Scq, D^Sh{0) = Sci , 

where we have used in the first equation that D^6ip{x) dx = 0. 
Now, the linearized version of equation (6.4) is 



(6.5) 



Li{D^5ip) = 0. 



If this holds, we have 



D^6ip = D^Sh o To - D^Sh 
and then, by integration 

D'^Sif = D'^Sh o To - D'^Sh + xi , 
for some X2 € r(l). But the Unearized version of (6.3) is 

(6.6) D'^dh{u\v)) = D'^5h{u\a{v))), for all v = {a, L) e A^'^\a ^ ^a. 

If this holds, X2 has to be constant (at each u*, the left and right values of X2 

are the same). As D'^Sip{x) dx = 0, we must have X2 = 0. Observe that the 
equation D^Sip = D^6h oTq — D'^dh determines Scq. One more integration then 
gives 

D6ip = DSh o To - DSh + xi , 
for some xi € r(l). Using now the Unearized version of (6.2) 

(6.7) DSh{u*{v)) = D6h{u\a{v))), for all v = {a,L) e ^ 

we proceed in the same way to conclude that, if (6.5)-(6.7) holds, one has xi = 0, 
D5ip = D5h o To — DSh and 5c\ is determined. One last integration gives 



If this holds, one obtains as above first that xo is constant; as 5h{ud) = = 
Sh{u*{ab, i?)), we have xo = 0. 

Recalling the definition of v in Remark 3.3 and IT in Theorem 3.13, we con- 
clude that, if (6.5)-(6.8) holds, then 



Going backwards, we see that these relations are actually equivalent to (6.5)-(6.8). 
In view of the transversality hypotheses (Trl), (Tr2) of Subsection 5.1, the theo- 
rem in this case now follows from the implicit function theorem. 

• We now assume that {at, R) and ( (,a, L) do not belong to the same cycle of a. 



(6.8) 



6(p = Sh o To - 6h + Xo , 
for some xo € r(l). The linearized version of (6.1) is 

5h{ul) = . 



Il{d<fi) = 0, iy{6ip) = 0. 



There are still {d — 1) equations in (6.1), (2r — 5){g — 1) equations in (6.4). 
In (6.2), for each cycle of a which contains neither ( ^a, L) nor (a^, R), there is 
one redundant equation. This would give (d — 1) — (s — 2) = 2g for the number 
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of equations in (6.2) , and similarly in (6.3), leading to a grand total of {d* + 4) 
equations. However, we will now see that the equations 

9) LogDh{u\ta,L))=LogDh{u\a{ta,L))), 

10) DLogDh{u\ta,L)) = DLogDh{u\aita, L))), 
are also redundant. 

Indeed, assume that (6.1)-(6.4) holds, with the exception of (6.9)-(6.10). Let 
H = Tt o ho Tq"^ as above. Following Lemmas 6.9, 6.10, 6.12, H is a home- 
omorphism of I fixing uo,Ud and each u^; moreover the restrictions of H to 
[uq, tct, L)] and [u^{ta, L), Ud] are C-diffeomorphisms. 

As in the end of the proof of Proposition 6.13, we obtain that the r-jets of h 
and H at Ud are the same, and that Sh = SH. This implies that h = H on 
[u''{ta,L),Ud]. 

Comparing the r-jets of h and H at u''{ta,L) shows that the r-jets of h at uq 
and u''{ ta, L) are the same. 

It is also true that the r-jets of H at uq and ta, L) are the same, or, equiv- 
alently, that the r-jets of h at u*( ba, L) and u*{a{ ta, L)) are the same: for the 
first two derivatives, it follows from (6.2), (6.3) (without using (6.9)-(6.10)); for 
the higher derivatives, the argument is the same that in Lemma 6.12. 

Therefore, the restrictions to [uq, u^{tci, L)] of both h and H satisfy periodic 
boimdary conditions, and we conclude by Lemma 6.14 that h = H on the fuU 
interval /. 

This proves that (6.9), (6.10) are redundant and we are left with {d* + 2) equa- 
tions as in the first case. 

We now consider the linearized system as in the first case. We still write 

6^ = AT{t), 

Sh = P{Lo{D^6ip), 5cq, 5c{), 

hence 

D^6ip = D^5h o To - D^5h + Li{D^6ip), 
D^dh{0) = 6co, D'^Sh{0) = 6ci . 
Assuming (6.5), we get 

D^Sif = D^Sh o To - D^6h 
and then, by integration 

D'^Sif = D'^Sh o To - D'^Sh + xi , 
for some X2 € r(l). The linearized version of (6.3) minus (6.10) is 

11) D'^Sh{u*iv)) = D^5h{u\a{v))), for all v = (a, L) e A'^'^\a ^ (,a, ta. 

This implies that X2 ° is constant on {uq, vt'{tot, L)) and on {u''{ ta, L),Ud). 
Moreover, as D'^Sh{u^{ah, R)) = D'^Sh{ud), the value of X2 on {u^{ tct, L), Ud) 
is 0. But we have also Jj X2 = Jj D'^S(p = 0, hence X2 = everywhere. 
One more integration then gives 

DSip = DSh o To - DSh + xi , 

for some Xi € r(l). 



30 



S. MARMI, P. MOUSSA, AND J.-C. YOCCOZ 



The linearized version of (6.2) minus (6.9) is 
(6.12) D6h{u\v)) = D5h{u\a{v))), for all v = {a,L) e A^^\ay^ ba, *«. 
This now implies xi = 0. One last integration gives 

6ip = Sh o To - 6h + xo , 
for some xo € r(l). If we finally assume (6.8), we get as in the first case 

n((5(p) = 0, i^{Sip) = 0. 

Going backwards, we see that these relations are actually equivalent to the con- 
jimction of (6.5),(6.8),(6.11),(6.12). Therefore we conclude as in the first case by 
the implicit function theorem. 

The proof of the theorem for r ^ 3 is now complete. □ 

7. Proof: C^-conjugacy 

In this section, we prove the theorem in the case r = 2. It may help the reader to 
look first at Appendix B.2, where the main idea is presented in the simpler setting of 
circle diffeomorphisms. Let therefore (Tt) be a family of g.i.e.m.'s satisfying the 
hypotheses of subsection 5.1 with r = 2. According to Proposition 5.3, we can and will 
also assume that the family is simple. 

In this section, we state the intermediate steps in the proof of the conjugacy theorem 
with r = 2, but only comment on the parts which substantially differ from the case r > 3 
which was presented in Section 6. 

7.1. Smoothness of the composition map. This subsection is identical with subsection 
6.1. The tangent space at id to Diff ^ (7) is the space Cq g (/) of -functions on I vanishing 
at uq and ua. 

Lemma 7.1. The composition map 

C^(I) X Diff2(I) ^ C\l) 

{(p, h) 1-^ (p o h 

is of class C^. Its differential at (0, id) is the map {Stp, Sh) i— >■ S(p from C^il) x Cq q(/) 
toC\l). 

Lemma 7.2. The map 

* : [-t^M^"' X Diff'W ^ Cl^pi^ll,) 

{t, h) ^ STt o h{Dhf 

is of class C^. Its differential at (0, id) is the map {St, Sh) Stp from ]R^+''* x Cq q(7) 
toCl^^{Uli),withSv = I^T{St). 
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7.2. The cohomological equation. We denote by P* the operator 

Juo J I 

from C^Q^p(U/* ) to the space (U/^) of functions in C^(U7* ) which are continuous on 
I and vanish at uq and ua. 

We choose subspaces Fc C F, F„ c Fg such that 



s • 



F = Fc e Fa, Fa = F„ e F, 
From Theorem 3.10, there exist bounded operators 

: C^A^li) ^ Fe, i„ : C,2(U/* ) ^ F„, Lq : ^.^(U/* ) ^ C0(7) 

such that, for ip e C^(U/* ) 

V> + Lc{v>) + Ki^) = Lo{(p) o To - Lo{<p) . 

Here, Cq{I) denotes the space of continuous functions on / which vanish at uq. 

We write L for the bounded operator from F^ to Cq (/) such that v = L{v) oTq — L{v). 

Lemma 7.3. The map *i : {t,h,v) ^ L{v) + Lo{P* {^{t,h))) from Ho,io]^+'^* x 
Diff^(/) X Ts to Cq{I) is of class C^. Its differential at (0, id, v) is 

{St, Sh, 6v) ^ L{6v) + Lo(D^dip). 

7.3. Relation between a diffeomorphism and the prunitive of its Schwarzian deriva- 
tive. 

Lemma 7.4. The map 

Qi : C°(J) C^(I) X M 
N ^ = N{x) - N{uo) - \ C N\y) dy, ci = N{uo)) 

^ Juo 

is of class C°°. Its differential at is given by 

Stpi = DSN - Sci,Sci = SN{uq) , 

which is an isomorphism from C''\T) onto Cq{I) x ]R. Therefore, the restriction of Qi to 
an appropriate neighborhood of G C'^{I) is a -diffeomorphism onto a neighborhood 
0/(0,0) eCg (7) xM. 

Combining the last Lemma with Lemma 6.4, which is still valid for r = 2, we obtain 

Lemma 7.5. The map 

§1 := Qi o K : Diff2(7) C^(7) x M 

h ^ {^pl,Cl) = {DLogDh - DLogDh{uo) - \ j {DLogDh f , DLogDh{uo)) 

^ Juo 

is of class C°°, and its restriction to an appropriate neighborhood of id € Diff (/) is a 
C°° -diffeomorphism onto a neighborhood of{0, 0, 0) G Cq{T) x R. The differential o/§i 
at id e Diff^(7) is the isomorphism Sh {D^Sh - D'^Sh{uo), D'^Sh{uo)) from Cq q{I) 
toC§(7)xR. 

We denote by Wq, Wi neighborhoods of id in Diff^(7) and of (0, 0) in C^(7) x M 
respectively such that Si defines a C°° -diffeomorphism from Wq onto Wi. We denote by 
Ti : Wi Wq the inverse diffeomorphism, and by Pi the differential of Ti at (0, 0). 
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7.4. The fixed point tlieorem. 
Lemma 7.6. The map 

{t, h,v,ci) •Pi{^i{t,h,v),ci) 

is defined and of class in a neighborhood of (0, id, 0, 0) in [— toj ^o]^^'' x DifF^(/) x 
X M, with values in Wq. Its differential at (0, id, 0, 0) is the map {6t, Sh, Sv, Sci) i— 
Pi{Lq{D'^5(p)+L{v),6ci), withSif = AT{dt),fromR^+^*xClo(l)xTsXRtoClo(l). 

Lemma 7.7. There exist an open neighborhood W2 of id G Diff^(7) and an open neigh- 
borhoodWs o/(0,0,0) e [-to,toY~^^' x x R such that, for each {t,v,ci) e W3, the 
map 

h^yi{<i!i{t,h,v),ci) 

has exactly one fixed point in W2, that we denote by !K{t, v, ci). Moreover, the map !K is of 

class on Ws, and its differential at (0, 0, 0) is the map (St, Sv, Sci) 1—^ Pi{Lo{D^6(p) + 
L{v), Sci), with S(p = AT{dt),from R'^+'^' x x M to CIq(I). 

Let {t, V, ci) e W3, h = v, ci). Then h satisfies 

P*mt, h)) + L,{P*{^t, h))) + Lu{P*{^{t, h))) + v = NihoTo- Nih , 

with 

N^h{x) = DLogDhix) - ^ r{DLogDh{y)f dy . 

For {t, V, ci) e W3, we write H = v, Ci) := Tt o h o T^^. We have ff = /i iff 
Tt = hoTQoh-^. 

7.5. Conditions for H to be a di£Feomorphism. Lemma 6.9 is still valid in our present 
setting 

Lemma 7.8. For [t, v, ci) € W3, the following are equivalent 

(1) h{ul) = u* for all < i < d; 

(2) H is an homeomorphism of I satisfying H{u'j) = vfj for all < j < d. 

When the equivalent conditions of the lemma are satisfied, is in fact a piecewise 
diffeomorphism of I, with possibly discontinuities of the derivatives of order ^ r at the 
Uj. We will replace Lemma 6.10 by the next two lemmas. 

Lemma 7.9. Let [t, v, ci) G such that the equivalent conditions of the last Lemma are 
satisfied. Then H is a -diffeomorphism of I iff one has, for all v = {a, L) e A^"^^ with 

LogD/i(u*(v)) = l.ogDh{uHa{v))) . 

Lemma 7.10. Let {t, v, ci) e 14^3. The function DLogDh o Tq is continuous on I iff one 

has, for all v = {a, R) G A^"^^ with oli 

DLogDh{u''{v)) = DLogDh{u''{a{v))) . 
Remarli 7.11. When v = {a, R), a ^ at, one has u*{v) = u*(it(u)), hence 

LogDh{u'{v)) = LogDhiu\aiv))) 
is always true. Similarly, when v = {a, L), a ^ ^a, one has v!'{v) = u^{a{v)), hence 
DLogDh{u''{v)) = DhogDh{u^{(j{v))) 

is always true. 
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7.6. Equations for the conjugacy class of Tq. 

Proposition 7.12. Let {t, v, ci) € W3 such that h = 'K{t, v, ci) satisfies 
h{ul) = u\ for all < z < d, 
hogDh{u\v)) = LogDh{u\a{v))), for all f = (a, L) e a 7^ 6a, 
DLogDh{u\v)) = DLogDh{u^{a{v))), for all v = {a, R) e A^'^\a ^ at, 

Then , if {t, v, ci) is close enough to (0, 0, 0), we have Tt o h ~ h o Tq. 

Conversely, let t G [-to, ^o]^"''"'' and h G Difr^(J) such that Tt o h = h o Tq. Let 
ci = DLogDh{0). Ift is close enough to and h is close enough to the identity, then 
there exists w G such that {t, v, Ci) belongs to W3, h = !K{t, v, Ci) and the relations 
above are satisfied. 

Proof. We first prove the second part of the proposition. Let t G [—to, toY'^''' close to 0, 
h G Diff ^ (I) close to the identity, such that Tt o h = HoTq. Then we have 

(7.1) {DLogDTt oh) Dh = DLogDh oTq- DLogDh . 

Let §i(/i) = {ipi,ci). Then, we have 

^1 o To - Vi = {DLogDTt oh) Dh-R, 

with 

DR = ^{{DLogDh o Ta)^ - {DLogDh)^) 

= ^{DLogDTt o h)^{Dh)^ + {DLogDTt o h)Dh{DLogDh). 

It follows that 

D{iPi o To - i^i) = {STt o h){Dh)^ . 

As we have d{ipi oTq — ipi) = 0, the function {STt o h){Dh)'^ has zero mean value and 
we have 

V^i o To - V^i = P*{{STt o h){Dh)'') + X 

for some x S T. But this means that we have i/'i = '^i{t, h, v) for some v G Tg. This 
impUes h = !K{t,v,ci). Moreover h = H, hence the first two sets of relations in the 
proposition are satisfied from Lemmas 7.8 and 7.9. We also have from (7.1) above that the 
function DLogDhoTo is continuous on /. Then the third set of relations in the proposition 
follows from Lennma 7.10. This concludes the proof of the second part of the proposition. 

We now assume that {t, v, ci),h = v, ci) satisfy the three sets of relations in the 
proposition. We will prove below that relation (7.1) is satisfied. With H as above, we 
have then DLogDH = DLogDh. But ff is a diffeomorphism of / (piecewise C^) 
by Lemmas 7.8 and 7.9. The relation DLogDH = DLogDh implies then that iJ is a 
diffeomorphism and h = H. 

To see that (7.1) is satisfied, we will use the following lemma, where C^{1, 0) denotes 
the space of continuous functions on / with mean value 0. 

Lemma 7.13. The map 

{ip,N)^7{ip,N) = ip-A^ 
C°(J,0)xC°(J)^C°(J,0) 
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with 

is of class C^. Its differential at (0, 0) is {dip, 6N) i-> d(p. Thus, for N close enough to 0, 
the map <p ^ 7{ip, N) is a diffeomorphism from a neighborhood ofOG C°(7, 0) to 
another neighborhood ofO. 

Let N = DLogDh. Take first (po = {DLogDTt o h)Dh. This function does belong to 

C0(7,0). 

One has 0"((^0j N) = (po — Aipo with 

DAipo = ^{DLogDTt o hf{Dhf + [DLogDTt o h)Dh{DLogDh) - cq , 

hence 

D{ipo - Aipo) = {STt o h){Dhf - Co, 
where the constant cq is the mean value of {STt o h){Dh)'^ (as Dipo has mean value 0). 
Therefore 'J{ipo, N) = P* {(^{t, h)) - c, with c equal to the mean value of P* {^{t, h)). 

Next take ipi = DLogDh o Tg — DLogDh. This function has mean value 0, and is 
continuous from Lemma 7.10. Therefore it belongs to C'^(/, 0). One has 'J(</?i , A?^) = 
tpi — Atpi with 

DAipi = ]^[{DLogDh o Tof - {DLogDhf] . 
Let Si/i = (V^i, ci). We have therefore 

tpi - A(pi = '^i'l o To - Vi + X 

for some x € F. As (^i — Atpi is continuous with zero mean value, it must also be equal 

to P*{^{t,h)) -c. 

We conclude that ^{(pQ, N) = 7{(pi,N), hence (po = (pi by the lemma. This is (7.1), 
and the proof of the proposition is complete. 

□ 

7.7. End of the proof of Theorem 5.1 for r = 2. From the proposition above, we have 
to determine in a neighborhood of G [—to, toY'^'^ the set of t for which, for some {v,ci) 
close to (0, 0), the diffeomorphism h = !K{t, v, ci) satisfies 

(7.2) h{ul) = u\ for all < i < d, 

(7.3) LogDh{u\vy) = LogDh{u\a{v))), for all v = {a,L) e ^ 

(7.4) DLogDh{v!'{v)) = DLogDh{u\a{v))), for all v = {a, R) e A^^\a ^ at . 

We will see that there are exactly {d* + g + 1) independent equations for t, v, c\ in 
the system above. Looking at the linearized system at (0, 0, 0) will allow to apply the 
imphcit function theorem and conclude. We deal separately with the same two cases which 
appeared in Section 6. 

• We first assume that {at, R) and ( ^a, L) belong to the same cycle of a. 

There are {d — 1) equations in (7.2). In (7.3), for each cycle of u which does 

not contain ( ta, L), there is one redundant equation. So the number of equations 
in (7.3) is really (d - 1) - (s - 1) = {2g - 1). Similarly, there are {2g - 1) 
equations in (7.4). 
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Therefore the total number of equations in the system (7.2)-(7.4) is (d — 1) + 
{2g - 1) + (25 - 1) = d* + 3 + 1 as claimed. 

Consider now the Unearized system obtained from (7.2)-(7.4) at (0, 0, 0). Writ- 
ing as before Sip = AT{t), we have, from Lemma 7.7 

6h = Pi{Lo{D^Sip) + L{v), 6ci). 

From the definition of Lq, P* and Pi, this is equivalent to 

D^Sh o To - D^Sh = D'^Sip + X2, D^5h{uo) = Sci , 

with X2 = Sv + Lc{D'^6ip) + Lu{D'^Sip). The linearized version of (7.3) is 

(7.5) D^5h{u''{v)) = D'^5h{u\a{v))), hi allv = {a,R) e A^^\a at . 

This implies that X2 is continuous at each u*, hence constant. As it has mean value 
0, we have X2 = 0. Integrating D'^Sh oTq- D'^Sh = D'^Sip gives 

D6h o To - DSh = DScp + xi , 

for some Xi € r(l). The linearized version of (7.2) is 

(7.6) D6h{u*{v)) = D5h{u\a{v))), for all v = {a, L) e A^'^\a 7^ . 

If it holds, xi has to be constant (at each Up the left and right values of xi are the 

same). As D6ip{x) dx = 0, we must have xi = 0. Observe that the equation 
Ddip = Ddh o To — D6h determines dci. One more integration then gives 

S<p = 5h o To - 6h + xo , 
for some xo € r(l). The linearized version of (7.1) is 

(7.7) 5h{ul) = . 

If this holds, one obtains as above first that xo is constant; as 5h{ud) = = 
6h{u*{ab, R)), we have xo = 0. 

Recalling the definition of v in Remark 3.3 and 11 in Theorem 3.13, we con- 
clude that, if (7.5)-(7.7) holds, then 

U{Sip) = 0, i^iSip) = 0. 

Going backwards, we see that these relations are actually equivalent to (7.5)-(7.7). 

In view of the transversality hypotheses (Trl), (Tr2) of Subsection 5.1, the theo- 
rem in this case now follows from the implicit function theorem. 

• We now assume that {at, R) and ( ^a, L) do not belong to the same cycle of a. 

There are still (d — 1) equations in (7.1). In (7.2), for each cycle of a which 
contains neither ( ta, L) nor (ai, R), there is one redundant equation. This would 
give (d — 1) — (s — 2) = 2g for the number of equations in (7.2) , and similarly 
in (7.3), leading to a grand total of {d* + g + 3) equations. However, we will now 
see that the equations 

(7.8) LogDh{u\ta,L)) = LogDh{u\a{ta,L))), 

(7.9) DLogDh{u\ab, R)) = DLogDh{u^{a{ab, R))), 
are also redundant. 
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Indeed, assume that (7.2)-(7.4) holds, with the exception of (7.8)-(7.9). Let 
H = Ttoho Tq^ as above. We first show that (7.1) (in subsection 7.6) holds. We 
will use a variant of Lemma 7.13. 

Denote by C° (/) the space of functions on I which vanish at uq and are contin- 
uous on / except possibly at u*{ab, R) where they have a right and left limit. Let 
(7° (7, 0) = {(pe C^(I), Ji'P = 0} and let tt : (7° (7) ^ C,"(7, 0) be the projec- 
tion operator such that, for G C°(/), — n{ip) is constant on (u*(a6, R),Ud) 
and on (uq, u*{<Xb, R))- We define a map 



Lemma 7.14. The map T is of class and satisfies T(0, N) = 0/or all N G 
C^{I)- Its differential at (0, 0) is {Stp, SN) h^- 6(p. Thus, for N close enough to 
0, the map (p "^{p, N) is a diffeomorphism from a neighborhood ofO in 
C2{I, 0) to another neighborhood ofO in C2{I, 0). 

Let := DLogDh G C°(7). The function (^o := {DLogDTtoh)Dh belongs 
to C°(/, 0) (it is actually continuous at u'^{ab,R)). A small computation gives 
7{ipo,N)=Tr{P*mt,h))). 

Let pi := DLogDh oTq — DLogDh. As (7.4) is satisfied with the exception 
of (7.9), the function pi belongs to C^{I). Moreover, it clearly has mean value 0, 
hence we have pi e C°(/, 0). Writing §i(/i) = (V)!, ci), we obtain after a short 
computation that 



for some x G T. Observe that it follows from (7.4) minus (7.9) that P\{uq) = 0. 
Therefore 7{pi,N){uo) = 0. As 7{pi,N) belongs to C°(7, 0), one must have 
7{pi,N) = TT(P*{^{t,h))). We then conclude from the lenmia that <^o = fi, 
which is (7.1). 

From (7.2) minus (7.8), the function LogDH is continuous on 7, except per- 
haps at u'^'{ la. L). From (7.1), we deduce by integration that LogDH — LogDh 
is constant on [uq, u^{toi, L)) and {u^{ ta, L),Ud)- We have also from (7.2) 

LogDH{ud) = LogDh{u\ab, R)) = LogDh{u\at, R) = LogDh{ud) . 

As Jj Dh = Jj DH, we conclude that Dh = DH and finally (as /i(uo) = mq = 
H{uo)) that h = H. We have thus proven that (7.8) and (7.9) are redimdant. 

We now consider the system linearized from (7.2)-(7.4) minus (7.8)-(7.9). As 
in the first case, we have, with dp = AT{t) 



D^Sh o To - D^Sh = D^6p + X2, D^dh{uo) = Sci , 

with x2=Sv + L^{D'^5p) + L^iD'^Sp). 
The Unearized version of (7.3) minus (7.9) is 

(7.10) D'^Sh{u''{v)) = D^Sh{u''{a{v))), for all v = {a, R) G A^'^\ a at, Ub- 



{p,N)^7{p,N) := 7r{p-Ap) 
from C°(1, 0) X C°(l) to C°(7, 0) by the formulas 




Sh = Pi{Lo{D'^Sp) + L{v), Sci) 



which is equivalent to 
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This implies that X2 is continuous on {uo,u^{ab, R)) and {u^ {ab, R),Ud). We 
have also from (7.10) that D'^Sh{uo) = D'^Sh{u^{ta,L)) hence X2(wo) = 0. As 
X2 has mean value 0, we obtain X2 = 0. 

Integrating D'^Sh oTq- D'^Sh = D'^Sf gives 

DSh o To - DSh = DSip + xi , 

for some Xi € r(l). The linearized version of (7.2) is 

(7.11) D6h{u\v)) = D5h{u\a{v))), for all v = (a, L) e A^'^\a ^ ta, ta . 

If it holds, xi ° ^o~^ has to be constant on (uq, u''{ ta, L)) and ja, L),Ud). 
Also, from (7.11), we have D5h{ud) = DSh{v!-{ab, R)), hence xi ° ^o~^('"d) ~ 
0. As DS(p{x) dx = 0, we must have // Xi = and xi = 0. 

Observe that the equation D6(p = DSh oTq — Ddh determines dci. One more 
integration then gives 

6ip = 5h o To - Sh + xo , 
for some Xo € r(l). The linearized version of (7.1) is 

(7.12) Sh{ul)^0. 

If this holds, one obtains as above first that xo is constant; as 5h{ud) = = 
5h{u^{ab, R)), we have xo = 0. 

Recalling the definition of v in Remark 3.3 and IT in Theorem 3.13, we con- 
clude that, if (7.10)-(7.12) holds, then 

Ii{6ip) = 0, v{6ip) = 0. 

Going backwards, we see that these relations are actually equivalent to (7.10)- 
(7.12). In view of the transversality hypotheses (Trl), (Tr2) of Subsection 5.1, the 
theorem in this case now follows from the impUcit fimction theorem. 



The proof of the theorem for r = 2 is now complete. □ 

8. Simple deformations of linear flows on translation surfaces 
8.1. Translation surfaces. 

Definition 8.1. Let M be a compact connected orientable surface and S = {^i, . . . ,As} 
be a non-empty finite subset of M. A structure of translation surface on (M, S) is a 
maximal atlas ^ for M — S of charts by open sets of C ~ which satisfies the two 
following properties : 

(1) any coordinate change between two charts of the atlas is locally a translation of 

(2) for every 1 ^ i ^ s, there exists an integer ^ 1, a neighborhood Vi of Ai, a 
neighborhood Wi of in and a ramified covering tt : {Vi, A^) {Wi, 0) of 
degree Ki such that every injective restriction of tt is a chart of (. 

It is equivalent to equip M with a complex structure and a holomorphic 1-form which 
does not vanish on M — E and has at A, a zero of order Ki — 1. 

For a structure of translation surface C on (M, S) and g e GL{2, M), one defines a new 
structure g-Chy postcomposing the charts of ( by g. 
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Definition 8.2. Let C be a structure of translation surface on {M, S). The vertical vector- 
field is the vectorfield on M — S which reads as ^ in the charts of C- The associated flow 
is the vertical flow. An orbit of the vertical flow which ends (resp. starts) at a point of S is 
called an ingoing (resp. outgoing ) vertical separatrix. A vertical connexion is an orbit of 
the vertical flow which both starts and ends at a point of S. 

More generally, a linear flow on (M, S, () is a flow on M — S which is vertical for g.(, 
for some g e GL{2,R). 

Definition 8.3. A C simple deformation of the vertical vectorfield Xq of (M, S, ^) is a 

non vanishing C -vectorfield X on M — S which coincides with Xq in a neighborhood of 
S and is appropriately C-close to X^onM — E. 

Definition 8.4. Let C be a structure of translation surface on (M, E). An open bounded 

horizontal segment I is in good position if 

(1) / meets every vertical connexion; 

(2) the endpoints of / are distinct and either belongs to E or is connected to a point of 
E by a vertical segment not meeting /. 

If there is no vertical connexion, or no horizontal connexion, then such segments always 
exist. One may even ask that the left endpoint of / is in E ([Y4, Proposition 5.7, p. 16]) 
In particular, one can always find g S GL{2, M), preserving the vertical direction, and a 
segment in good position which is horizontal for g.(. 

When J is in good position, the return map Tj of the vertical flow on / is an i.e.m. and 
the translation surface (M, E, can be recovered from Tj and the appropriate suspension 
data via Veech's zippered rectangles construction. 

8.2. The boundary operator and the conjugacy invariant. Let (M, E, C) be a trans- 
lation surface, iy^) its vertical flow, / an horizontal segment in good position, T/ the 
associated return map. Let I = U/^ = U/^ the partitions defining the i.e.m. T/. We 
denote as usual by u* < . . . < the singularities oiTi ,hy u\ < . . . < Wrf_i those of 
TY\ 

Let r be an integer ^ 0. Denote by C^{M — E) the functions of class C with compact 
support in M — E. For a function $ e Cl{M — E), one defines a function (p := J($) on 
U/*by 

ip{x)= / ^V''{x))dT, 
Jo 

where r{x) is the return time of x to /. Observe that / commutes with horizontal partial 

derivatives: if r > 1 and $ e C^{M - E), then one has e C'^-'^{M - E) and 
/(i|<I>) ^ 

Proposition 8.5. The operator I sends C^{M — E) continuously into ^(U/^). Its image 
is the subspace offimctions ip G C""(U/^) satisfying dD^ip = for all < i < r. 

Proof. Regarding the first assertion, the case r = is clear and the assertion for higher r 
follows from the commutation with horizontal partial derivatives. 

Let $ e C°(M - E), ip := e C°{Ull). For 1 ^ j ^ d - 1, define 
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where < < p*- are the times such that V^i (u* ) and V' (u^) belong to S. 

We use the notations of subsection 3.1. Let v e A^"^^; if neither u*{v) nor u''{v) is an 
endpoint of I, one has 

^{v) ^ L^{u\v)) + L^(u\v)). 
For the remaining elements of yi^^-*, we have 

ip{t a, L) + ip{i, a, L) = L^{u*-(b a, L) + L^{u''{t a, L)), 

fiat, R) + 'i^ioeb, R) = L,i,{u*{ai,, R) + L^{u^{at,R)). 

In view of the definitions of the boundary operator d and the permutation a of A^'^\ 
there is a total cancellation of the terms in the formula for d^p. 

We have proven that 5J($) = for $ e C°(M - S). The case of higher r follows 
from the commutation of I with horizontal partial derivatives. 

□ 

The following proposition may be seen as a non-linear version of the previous propo- 
sition. Let X^, is a C simple deformation of the vertical vectorfield Xq of C. We denote 
by VJ the flow of X*. We assume that X and Xo coincide on the vertical separatrices 
segments connecting S to the endpoints of /: this warrants that the return map of 
on / is a generalized i.e.m. of class C' with the same combinatorics than Tg := T/. We 
can therefore consider the conjugacy invariant J(T*) e introduced in subsection 4.1. 

Proposition 8.6. The invariant J{T^) is trivial. 

Proof. The proof is essentially the same than the proof of the relation dl{^) = in the 
previous proposition. Let u{ ^ < ... < ^ be the singularities of T^, u\ ^ < ... < 
« those of T~^. For each 1 < j < d — 1, let 7* be a small horizontal segment 
transverse to the separatrix from 77* to E and very close to E, with coordinate centered 
at the intersection with the separatrix. Define similarly /j* with coordinate x^. Let Jx (u* * ) 
be the r-jet at m* ^ of the transition map from / to Ij along X^. Let Jx{u^^^) be the r-jet 
at a;^ = of the transition map from /j" to I along X*. 

Let V e A^"^^; if neither nor u''{v) is an endpoint of /, one has 

j{n,v) = Jx{ut{v))Jx{ul{v)). 

For the remaining elements of A^'^\ we have 

it a, L))j{T^, (6 a, L)) = Jx{u\t a, L))Jx{u\b a, L), 

j{T„{at,R))j{n,{at„R)) = Jx{u\at,R))Jx{u\ab,R). 
The same cancellation takes place. Therefore the conjugacy invariant is trivial. □ 

8.3. Statement of tlie result. 

Definition 8.7. Let (M, S, () be a translation surface . It is of Roth type (resp. restricted 
Roth type) if there exists some open bounded horizontal segment / in good position such 
that the return map T/ of the vertical flow on / is an i.e.m. of Roth type (resp. restricted 
Roth type). 
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Actually, we show in Appendix C that for a (restricted) Roth type translation surface, 
T/ will be of (restricted) Roth type for any horizontal segment / in good position. 

Recall that two vectorfields X, Y are said to be C"^ -equivalent if there exist a C""- 
diffeomorphism H sending the time-oriented orbits of the flow of X on the time-oriented 
orbits of the flow of Y. An equivalent formulation is that H*Xisa positive scalar multiple 
of Y, or that Y is obtained from H*X by time reparametrization. 

Corollary of the main theorem. Let {M, S, C) be a translation surface of restricted 
Roth type, and let r be an integer > 2. Amongst the simple deformations of the 

vertical vectorfield Xq, those which are -equivalent to Xf) by a diffeomorphism 
close to the identity form a submanifold of codimension d* = (g — l)(2r + 1) + s. 

Concerning conjugacy between Xt and Xq instead of equivalence, see the final remark 
after the proof. 

8.4. Proof of the Corollary. Let j^j^+d* be a family of C"'+^ simple defor- 

mations of the vertical vectorfield Xq . We assume that the family is in general position. 
We will allow at various stages to restrict t to a smaller neighborhood of 0. We divide the 
proof into several steps. 

(1) Choose an open bounded horizontal segment / in good position such that the re- 
turn map To of Xq on I is an i.e.m. of restricted Roth type. By slightly shifting 
vertically / if necessary, we may assume that the endpoints uq, of / are not in 
S. By definition of good position, there are vertical segments Jo, Jd disjoint from 
/ connecting these endpoints to points of S. 

There exists a family (kt) of C+^-diffeomorphisms of M, supported on 
a compact set of M — S, such that ko is the identity and for aU t the vectorfield 
k*Xt coincides with Xq on Jq and Jj. Replacing Xf by k^Xf, we assume from 
now on that Xt coincides with Xq on Jo ^ind Jd- 

(2) The singularities u{ < ... of Tq are the last intersections with / of the in- 
going vertical separatrices of Xq, while the singularities < ... u'^_i of Tq^ 
are the first intersections with I of the outgoing vertical separatrices of Xq. As 
Xt coincides with Xq in the neighborhood of S, we can also define ingoing and 
outgoing separatrices for Xt. By the implicit function theorem, the ingoing sepa- 
ratrices will have as last intersection with / points u\{t) < ... u'j^_^{t) which are 

-functions of t. Notice here that the fact that Xt coincides with Xq on Jq and 
Jd is crucial to guarantee that these are last intersections. 

Having the separatrices under control, we know that the first return map Tt for 
Xt on / is a generalized i.e.m of class C"'+''' with the same combinatorics than 
To, and that {Tt) is a family of such g.i.e.m. Moreover, every infinite half- 
orbit of Xt (in the past or in the future) intersects /. This is a consequence of the 
implicit function theorem, taking into account that the return times to / for Xq are 
bounded. 

(3) From subsection 8.2 above, for all t close to 0, the conjugacy invariant of Tt in 
J''+^ is trivial. On the other hand, this is the only restriction on Tf-. the map 
X Tx , which associates to a C"'"'""^ simple deformation X of Xq such that 
X = Xo on Jo U Jd the retum map to / is a submersion onto g.i.e.m's with trivial 
J''+^-invariant. 
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It follows that the family (Tj) will be itself in general position (amongst g.i.e.m's 
with trivial J'' +^ -invariant). By our main theorem, there is a C^-submanifold C of 
codimension d* through which consists exactly of the parameters t such that Tf 
is conjugated to Tq by a C-diffeomorphism of / which is C-close to the identity. 

(4) We will promote , for t G C, the conjugacy ht between Tq and Tt (i.e ht o Tq = 
Tt o ht) to a C""-equivalence Ht between Xq and Xt. This is best done in two 
steps. 

First, consider a small neighborhood U of I in M— S and a C^- family {Hl)t^e 
of C-diffeomorphisms of M, C-close to the identity, with the following proper- 
ties: 

• for each t e C, Hf has support in U, and is the identity on Jq and J^; 

• for each t £ Q, Hf preserves I and the restriction of Ht to I is equal to /i^^; 

• Hq is the identity. 

Then, for each t e C, the vectorfield xf := {HfyXt is a C simple defor- 
mation of Xq for which the return map to / is equal to Tq. We also still have 
the property that every infinite half-orbit of X^ intersects I. Observe also that 

(5) Denote by (1^^) the flow of xf. For x G I, not a singularity of Tq, let rt{x) be 
the return time to / of a; under xf. 

The C-equivalence Ht we are looking for will be 

Ht=Hto{Hf)-\ 
where Ht is a C""-equivalence between Xq and xf satisfying 

HtiVo^x)) = Vf-'*^^\x), {orx€l,T€ [0, ro{x)]. 

Here gx,t is a diffeomorphism from [0, ro(a;)] onto [0, rt(a;)]. However, we have 
to be careful in the choice of g^.t when x gets close to the endpoints of I or the 
singularities of Tq because we want Ht to preserve S and be of class C on the 
whole of M. We will actually define not only g^^t but also the right and left limits 
g^j^t, for V G ./l'-^-' (cf. subsection 3.1). Observe that, for any a G A, the restriction 
of the return time function rt to extends to a C-function on the closure of I^. 
In particular, the values rt{v) are well defined. 

(6) For 1 ^ j ^ d — 1, let Aj e S be the endpoint of the ingoing -separatrix from 
u*- and let pj t the time span of this separatrix. 

We will only consider the case where both Jq and Jd are outgoing separatices. 
The other cases are dealt in the same manner, with minor modifications. Under 
this assumption, we have , for each 1 ^ j ^ rf — 1, 

< pj^t < mm{rt{vj-),rt{vj^+)), 

where Vj^± are the elements of A^^^ adjacent to 7i* . 

(7) Let 1 ^ j ^ c? — 1 and let £ > be small enough so that Xt and Xq are equal in a 
3e-neighborhood of S. The image by Vo^'-° of the segment (u*- - 2e, u) + 2s) C I 
is a horizontal segment Ij (2e) through Aj. Let 

C{2s) = {2; e C, < |2;| < 2e, -y < arg2; < | 
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and let Zj — Xj + iyj : Cj {2s) — > C(2e) be the chart of ( such that the equation of 
Ij (e) is Dj = 0. The domain Cj (2e) is a circular open cone of radius 2e, aperture 

277 at Aj. 

For t close enough to 0, there is a C""-maps Gj^t defined on {—e, e) (and de- 
pending in a way on Q such that, for s e (—£,£:), the point V^^(u*--|-s) belongs 
to Ij (2e) at a time r close to pj^o and its Xj-coordinate is Gj^t{s)- Observe that 

G,,ois) = s, G,-t(0)=0. 

Write Gj^t{s) = swj,t("S), with Wj,t{s) close to 1. Define then a map : 
Cj{e) —7- Cj(2e) given in the Zj -coordinate by 

Glt(zj) = ZjWj^t{xj). 

Observe that G* g is the identity, that G* ^ preserves the vertical foUation and that 

its restriction to the segment Ij{e) is (.Xj, 0) ^ {Gj_t(xj), 0). 
(8) We now choose the g^^t in order to satisfy the following properties: 

• for each x G I which is not a singularity of Tq, gx,t is a diffeomorphism from 

[O,ro(x)] onto [0,rt{x)]; 

• for each v e A'-^K v ^ {i^a,L),{at,R), g-u^t is a diffeomorphism from 
[0,ro(i')] onto [0,rt(-L>)]; 

• forwo := (t a, L), g^ji-j t is a diffeomorphismfrom [— I Jo|, ro(wo)] onto [— I JqI, ri(t;o)]; 
for Vd := {at,R), g^^^t is a diffeomorphism from [-\Jd\,ro (vd)] onto [~\Jd\,rt (ud)] ; 

• for T e [0, e), any x or v, we have 

5x,t(T) = = T, 

QxAMx) - t) = rt(a;) - r, gv,t{Mv) - t) = niv) - t. 

• for 1 ^ j ^ d — 1 , the diffeomorphisms g^,^ and g^,^ ^ t coincide on 
[0, pjfi] and send this interval onto [0, t]; we denote by g„t ^ this restriction. 

• The similar condition for the outgoing separatrices is as follows; let 1 < j ^ 
d—1, and let _|_ be the elements of A^'^^ adjacent to u*; then we must have 

rt«_) - gv'^ _,t{ro{v'j^_) - r) = rt(t;^- +) - 5f„^^,t(ro(u^- +) - r) 

for ^ T ^ p'j Q, here q is the time span from E to v!j for Xo. 

• Let Rt be the open subset of / x M formed of the pairs {x,t) such that 
< T < rt{x) if a; is not one of the w*, < r < pj,t if a; = u*; then the 
map Gt : (a;,T) h^- (a;, gfx, *(''')) is a C""-diffeomorphism from Rq onto -Rt, 
and 1 1-^ Gt is C^. 

• We also ask for a similar condition along the outgoing separatrices. 

• If {x,t) e Ro satisfies ^o''''^ e Cj(e) (for some 1 ^ J ^ — 1), then 

It is fastidious but not difficult to check that these conditions are compatible 

and that one can indeed satisfy all conditions. 

As mentioned earlier, from the g^^t^ we obtain an equivalence Hf between Xq 
and xf by the formula 

H,iVJ{x))^Vf-^^^\x). 
The properties required along the ingoing and outgoing separatrices guarantee 
that Hf is a C" -diffeomorphism of M— S. Then, the properties of the Gj^ warrant 
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that Hf is also C in the neighborhood of S. Indeed, if k is the ramification index 
of C at Aj and we write Zj = Zj,we will have in the -coordinate that 

Gl,{Zj) = Zj{wj,,{^Z^))i. 

We conclude that, for t G, Xt and Xq are indeed C""-equivalent. 
(9) On the other hand, if Xf and Xq are C"^ -equivalent; the restriction of the C""- 
equivalence to / is a C-conjugacy between Tt and Tq, hence t G Q.D 

Remark 8.8. One could look for a conjugacy (respecting time) rather than an equivalence 

between Xt and Xq- To transform an equivalence into a conjugacy, one needs that the re- 
tum times to / of Xq and Xt differ by the coboundary of an appropriately smooth function 
on I. Therefore, from the results on the cohomological equation (using also a transversal- 
ity argument), one finds a submanifold 6* of 6 of codimension g such that Xt and Xq are 
C"'~^-conjugated for t € C*. However, it is not clear at all (and probably just wrong!) that 
d* + g is the right codimension for the C"'~^-conjugacy class of Xq amongst C""+^ (or 
C°°) simple deformations of Xq. 

Appendix A. The cohomological equation with C^+^ data 

In this appendix, we show that Theorem 3.10 is also valid with C^"'"'^ data. Let t € 
(0, 1). We denote by C^"'"^(LI/^) the space of functions ip G Cg(U/4) whose restrictions 
to each 7* is of class C^+^. Let T be a standard i.e.m. of Roth type. We choose a subspace 
r„ c Tg complementing Ft- 

Theorem A.l. There exist bounded linear operators Lq : (p ^ ip from Cq'^'^ (Ul^) to 
C°(I) andLi : (p ^ xfrom C^+^(U/^) toT^ such that, for all (p G C^+^(U/*), we have 

(p = X + oT — Ip . 

Proof. We use the notations of subsection 3.3. Associated to any initial subpath 7(1) * 
• • • * 7(n) of the "rotation number" 7 of T, there is an i.e.m. T(") defined on an interval 
with the sama left endpoint uq than /: T^") is the first return map of t on /("^ and is 
deduced from T by the steps of the Rauzy-Veech algorithm represented by 7(1) * • • • *7(n). 
For i < nwe have a "special Birkhoff sum " operator S{i, n) defined as follows: if <^ is a 
function on S{(., n)ip is defined on by 

S{i,nMx)= J2 ^{{T^'^Yi^)), 

where r{x) is the retum time of x in under r(^). There are three steps in the proof of 
the theorem: 

• One first obtains, for some 5 > 0, and any fimction ip e C""(U7* ) with Jjip = 0, 

\\S{0,nMco < C\\B{n)\\'-'Mc^. 

Here, only conditions (a) and (b) in the definition of Roth type are used. 

• One then obtain by integration (using also condition (c) in the definition of Roth 
type) that there exists S' > such that, for any ip e C^^'^(U/^), one can find a 
unique X € r„ such that 

\\S{0,n){ip-x)\\co < C||S(n)i|-^'|i<^||ci+.. 

• This last estimate easily imply (using condition (a)) that the ordinary Birkhoff 
sums of </5 — X are bounded; it follows then, as explained in Section 3, that ip — x = 

o T - V for some ip e C°(J). 
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The last two steps are done in exactly the same way in the present setting than in the setting 
of Theorem 3.10. We will therefore only indicate how to prove the estimate of the first step. 
Let therefore (p e C'^(U/* ) with = 0. The method is as in [MMYl]. We write 

= (/fo + Xo 

with (po of mean value on each 7^ and Xo € T (of mean value as jj^p = 0). For 
< ^ < n, we write in the same way 

S{1- l,£)ipe-i = <Pi + xe 

with ife of mean value on each la^^^ and xe G T^^^ (of mean value 0). 
We have then 

n 

S(0,n)^ = (^„ + ^5(An)x^. 



For ^ £ ^ n, a G A, x,y G Id , one has 

\M^)-My)\ = \s{o,eMx)-s{o,iMy)\ 

^ r(x)|/*'WriM|c^. 
Here r{x) is the sum of the a-column of B{i). From condition (a), we have (cf. [MMYl, 
Proposition p.835]) < C||B(£)||-5, hence we obtain 

\Mx)-My)\^c\\B{e)\\'-^^Mc^. 

As (fe vanishes in each Id , this implies 

\\cpe\\co^C\\B{e)\\'-iM\c^. 

This gives, for < £ < n 

W^e + XeWco < II^WII ||^^_i||co 

< C\\B{m'-^M\c^, 

WxeWco < cmm'-^Mc^- 

Putting these estimates in the expression for 5(0, n)ip above, we have to bound from above 
the sum 

n 

(A.1) ^\\B{m'-mBo{i,n)\\, 



where Bo{£, n) is the restriction of B{£, n) to the hyperplane T^^^ (of functions with 
mean value on P-^^ constant on each /q*^^^). To estimate the sum in (A.l), we deal 
separately with the terms with small £ and large £. 

• When \\B{£)\\ < ||B(n)||i, we write 

Bo{£,n)=Bo{n)Bo{£)-^ 

and get from condition (b) of Roth type (as B{£) is symplectic) 

||So(^,n)|| < \\Bo{n)\\\\B{£)-'\\ 
< C\\B{n)\\'-'\\B{£)\\ 
\\Bm'-i\\Bo{£,n)\\ < \\B{n)\\'-l. 
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• When ||B(^)|| ^ we just bound ||Bo(^,n)|| by \\B{£,n)\\. 

Claim: For every r] > 0, there exists C{r]) such that, for all ^ ^ < n, one 
has 

\\B{n)\\^\\B{i)\\\\B{e,n)\\^CmB{n)\\'+^. 
The claim gives in this case the following bound 

|TO||i-5||Bo(^,n)||<C||B(n)||i-?t. 

As 1 1 i?(n) 1 1 grows at least exponentially fast, one obtains that the sum in (A. 1) is indeed 
bounded by C \\B{n)\\^-^ for S < ^. 

Proof of the claim 

The left-hand inequality is trivial. If m — f > 2rf — 3, all coefficients of B{i, m) are 
^ 1 ([MMYl], Lemma p.833). Therefore, f or n > m > ^ > with m - ^ > 2d - 3, we 
have ||-B(n)|| > ||i3(£)||||-B(m,n)||. The right-hand inequality in the claim now follows 
from condition (a) in the definition of Roth type. □ 

The proof of the inequality for special Birkhoff sums of functions is now complete. 
A mentioned above, the rest of the proof of the theorem is the same than for Theorem 3.10. 

□ 

Appendix B. The case of circle diffeomorphisms 

B.l. The C""-case, r ^ 3. Let F be a C"*""^ orientation preserving diffeomorphism of 
the circle T = R/Z which is C+^-close to a rotation R^. We assume that w satisfies a 
diophantine condition CD{'y, r) with r < 1: 

V-, w - - > 79 

q q 

Following Herman [He], we show that one can write 

F = RtohoR^oh-^, 

for some unique t close to and some unique h € Diff!j_ (T) normalized by J,j, (/i — id) = 0. 
Both t and h are C^-functions of F. 

We denote by Diff!; o(T) the set of h e Diff!^(T) satisfying J^{h - id) = 0, by C^{T) 
the space of C functions on T with zero mean-value. 

LemmaB.l. Themap{F,h) ^ <^{F,h) := {SFoh){Dhf fromYiiff'+^{T)xT>m\^Q{T) 
to C"'~'^(T) is of class C^. Its differential at {R^^, id) is the map {SF, Sh) h- > D^SF. 

Lemma B.2. The map Sh- Shfrom Diff^_o(T) to C^~^{T) is of class C°°. Its 
differential at id is 6h D^6h. Therefore its restriction to a neighborhood of the identity 
in Diff!j_ o(T) is a C°° diffeomorphism onto a neighborhood ofO in Cq~^{T). 

Let us write T for the inverse diffeomorphism, P for its differential at (consisting in 
taking thrice a primitive with mean value zero). 

As CO satisfies CD{'y, r) with r < 1, there exists a bounded operator L from C""~^(T) 
to CJ"^(T) such that, for every (p G C"'-i(T) 



= / v^ + L{ip)oR^-L{ip). 
Jt 



From the two lemmas above, we see that the map 

(F,/i)^T(L($(F,/i))) 
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is defined and of class in a neighborhhood of (i?<^,id) in Diff++-^(T) x Diff!^ o(T), 
with values in Diff^j. o(T). The differential at id) 

{6F,6h) ^ P{L{D^SF)) 

does not involve 6h. Therefore, if F is close enough to R^, this map will have a unique 
fixed point h = M(F) close to the identity. This fixed point satisfies, with c = J.^ ^{F, h) 

S{Foh) = S{hoR^) + c. 

One then concludes from Lemma B.2 that Foh = Rtoho R^ for some t close to 0. 

B.2. The C^-case. We now show how to adapt the argument when h in only of class C^. 
The Schwarzian derivative of h no longer exists but its primitive can still be used! 

Let F e Diff ^ (T) be close to R^,, with co still satisfying CD{'j, r) for some 7 > 0, r < 
1. LenraiaB.l with r = 2 is still valid. For h G Diff+_o(T) we define Nih G C§(T) by 

Nih{x) = DLogDh{x) -^J {{DLogDhfiy) - ci)dy 

where ci = /.j, (DLogDh) ^{y)dy and the primitive is taken in order to have Nih{x) dx = 
0. 

Lemma B.3. The map h H- N^hfrom Diff+ o(T) to Cg(T) is of class C°°. Its differ- 
ential at id is Sh 1— >■ D^6h. Therefore its restriction to a neighborhood of the identity in 
DifT^ oC^) ''^ diffeomorphism onto a neighborhood ofO in Cg (T). 

Let us write for the inverse diffeomorphism. Pi for its differential at (consisting in 
taking twice a primitive with mean value zero). 

Let us also write P* for the operator from C^(T) to C^(T) 

<^ ^ y ifiy) - J^'P)dy 

the primitive being taken in order to have mean value 0. 
Consider now the map 

{F,h)^y>i{L{P*{^{F,hm. 

It is defined and of class C in a neighborhood of {Ru;,id) in Diff^(T) x Diff+_o(T), with 
values in Diff^ oC^)' sending {Ru, id) to id. The differential at {Ru,id) 

{5F,Sh) ^ Pi{L{D'^5F)). 

does not involve Sh. Therefore, if F is close enough to R^, this map will have a unique 
fixed point h = 3i(F) close to the identity. This fixed point satisfies 

(B.l) P*{<P{F,h)) = Niho R^ - Nih . 

We will see below that this imply 

(B.2) {DLogDF o h){Dh) = DLogDh o R^ - DLogDh . 

From (B.2), we get LogD{F oh) = LogD{h o R^^) + cq by integration. As the integral 
over T of both D{F o h) and D{h o R^) is equal to 1, the constant Cq must be equal to 0. 
We conclude that F o h = Rto ho R^foi some t close to 0. 
To see that (B.l) indeed impUes (B.2) we introduce the map 

{ip, h) 1-^ ip - Alp 
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from C^(T) x Diff + o(T) to CS(T) defined by 

DAil) = i^/>2 _^ ^DLogDh - c(V', h) 

c(^, h)= [ il^^ + ijDLogDh), I = . 

This map is of class C^. The differential w.r.t. at ?/> = 0. /; = id is the identity; therefore, 
as long as h is fixed close to the identity, it is a diffeomorphism from a neighborhood 
of e Cg(T) to another neighborhood of e C§(T). 
Let Vo = (-DLog£>F o h)Dh. We have 

£>^o = {D'^LogDF o h){Dhf + {DLogDF o h)D^h 
DAtjjo = ^{DLogDF ohf{Dhf + {DLogDF oh){Dh)DLogDh-c{tpo,h) 

D{iPo-^ipo) = {SFoh){Dhf + c{tPo,h), 

and therefore V^o - ^ipa = P*{<^{F, h)). 

On the other hand, let ipi = DLogDh o — DLogDh. We have 

DA^i = ^ [{DLogDh oR^f - {DLogDhf] 

hence -01 - A-0i = Nih o R^ - Nih. 

Equation (B.l) means that V'o — ^V'o = i^i — A^i. We conclude that i/'o = i-e 
equation (B.2) holds. 

Appendix C. Roth-type translation surfaces 

Let (M, E, ^) be a translation surface with no vertical connexion, / an open bounded 
horizontal segment in good position, T = Tj the i.e.m. on I which is the return map of the 
vertical flow. 

Let A the alphabet used to describe the combinatorics of T, tt the combinatorial data of 
T, D the Rauzy diagram having tt as a vertex. Let j{T) be the rotation number of T (cf. 
subsection 2.4): this is an infinite path in D starting from tt . As in subsection 3.3, write 
7(T) as an infinite concatenation 

"f{T) = 7(1) * • • • * 7(^^) * • • • 

of finite complete paths of minimal length, and define , for n > 

Z{n) := B^(ri), B{n) := = Z{n) ■ ■ ■ Z{1). 

For n ^ 0, let T^"' be the i.e.m. obtained from T by the Rauzy- Veech steps corre- 
sponding to 7(1) * • • • * 7(n) ; T^") is the return map of T (or of the vertical flow) on some 
interval /^"^ C / having the same left endpoint than / = I^^^ . 

We first deal with condition (a) in the definition of a Roth-type i.e.m. (cf. subsection 
3.3). 

Proposition C.l. The following conditions are equivalent: 

(1) Condition (a) of subsection 3.3 is satisfied by T: for all r > 0, \\Z{n + = 
0{\\B{n)\n 

(2) For all T> 0, we have max^ |7*'^"^| = 0(min^ |7*'^"V"'')- 
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(3) For all r > 0, there exists C = C{t) > such that, for all 1 ^ i, j ^ d — 1, all 
X G I and all N > 0,we have 

and 

min |T^(w^) - x\ ^ CN-^+^, min |r-^(M*) - a;| ^ CN-^+^. 

(4) For all t > 0, f/zere ex/.?f.? C = C(r) > ^mc/z that, for any vertical separatrix 
segment S (ingoing or outgoing) with an endpoint in S of length \S\ ^ 1, and all 
P G M, there is an horizontal segment of length < C\S\~^^'^ from P to S, but 
there is no horizontal segment of length < C\S\~^~'^ from a point ofT, to S. 

Proof. We will show successively that (1) is equivalent to (2), that (3) is equivalent to (4), 
that (l)-(2) imphes (3) and that (3) imphes (2). 

• (1) <^ (2) . Recall from the proposition in [MMYl, p.835] that one has always 

^"^1 > \\B{n)\\-^\I\ > 

minA \Ice I 3iid that (1) is equivalent to 

max|7*'(")| = 0(||B(n)|rmin|/*'(")|), Vr > 0. 

The equivalence of this last relation with (2) is clear. 

• (3) (4) . Represent (M, S, () as a collection of rectangles whose top sides 
are the 7^ and the bottom sides are the J^. The 1, are the last 
intersection points of I with the d — 1 ingoing separatrices, while the u*, 1 ^ i ^ 
d — 1, are the first intersection points of I with the d — 1 outgoing separatrices. 
As the return times to I (the height of the rectangles) are bounded from above 
and bounded away from 0, the length of a (long enough) vertical segment and 
the cardinality of its intersection with I are comparable. This makes clear the 
equivalence of (3) and (4). 

• (1) + (2) (3). We start with a result of independent interest. Recall that the 
retum time ra{n) of la^"'^ in is given by ra{n) = Ba,p{ri). 

Lemma C.2. Assume that property (1) holds. Then, for all r > 0, there exists 
C = C{t) > such that the entrance times r\{n) ofv!l under T in and the 
entrance times r*(n) ofu\ under in /'"^ satisfy, for all 1 < i < — !.• 

r\{n) > C-'\\B{n)\\'-\ r\{n) > C-'\\B{n)\\'-\ 

Proof of lemma. Recall ([MMYl,p.833] and [Y4, Proposition 7.12, p.30]) that 
the product of 2(i — 3 consecutive matrices Z{n) have only positive coefficients. 
It follows then from the formula for the (n) and property (1) that, for all r > 0, 

(mjnr„(n))-i = 0(||B(n)|ri+-). 

Let 1 ^ 2 ^ (i — 1, and let a* e yi be the letter such that is the left endpoint of 
/^.. Observe that a* ^ We have the following dichotomy: 

- Either all arrows of 7(n + 1) with loser a* are of bottom type. Then 
we have r\(ri + 1) = r\(n). 

-Or 7(n + 1) contains one arrow of top type with loser a* . Then we 

have 

r\{n + 1) > r\{n) + min r„(n). 
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But the first case cannot happen more than d + 1 consecutive times: each time 
ha is a winner (necessarily of an arrow of top type), nhia*) goes up by 1; once 
ni,{a*) = d, the next arrow with winner a* is of bottom type; and any sequence 
of arrows of bottom type with winner a* is followed by an arrow of top type with 
loser a*. 

We get in this way the estimate for r -"(n). The proof for r ■ (n) is similar. □ 

We now assume that (l)-(2) hold . We prove the first inequality in (3). Let 

iV > 0. Let n be the smallest integer such that TV < r\{n). From the lemma, 
we have A'' ^ r\{n — 1) ^ C~^\\B{n — which gives also using (1) that 

N > Cf ^||B(n)||^~^'^. On the other hand we have with this choice of n that 

min \T\u\)-u\\ > mini I 

> C'-^\\B{n)\\-^-- 

As r > is arbitrary this proves indeed the first inequality of (3). 

We now prove the second part of property (3), regarding the forward orbit of 
u\ (the proof for the backward orbit of w* is similar). Let a* E A, a* ^ 5a be the 
letter such that is the left endpoint of . Let n be the largest integer such that 
N > 2B(n); we can assume that n > 3d + 4 and we have from property (1) 

||S(n)||-i = 0(TV-i+-). 

By an argument given in the proof of the lenmia, there exists in the path 7(71 — d) * 
. . . * 7(n) an arrow of top type with loser a* . This corresponds to a forward iterate 
T™(m^) with ^ m ^ I \B(n)\ \ which belongs to /("-''-i) but is not one of the 
endpoints of the a e A. Let /3* e ^ such that T-^(uX) G 

Consider the orbit segment 

T^(u^), m < £ < m + r^. (n - d - 1). 

Observe that m + r^* {n — d — 1) ^ N. 

One has a partition mod.O of / by the intervals 

j.ft(jt,(n-3d-4)-)^ aeA,0^k< r„(n - 3d - 4). 

By ([MMYl,p.8331 and [Y4, Proposition 7.12, p.30]), every interval rfe(/*;("-3'i-4)^ 
contains at least an interval T'' with ^ fc' < ri3^{n — d — 1), and 

this last interval contains {u\). Choosing k, a such that x belongs to the 

closure of Tfe(7*'("-'''-^)) , we have 

\x-T"'+''\u\)\ ^ |J*'("-'^-i)|. 
But we have, for all r > 0, from property (2) 
|jt,(n-d-i)| ^ 0{\\B{n - d - 

Using once again property (1) and the definition of N, we have 

|jt,(n-d-l)| ^ 0(^-l+r-) 

for all r > 0, which gives the required inequality. 
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• (3) (2). Assume that property (3) is satisfied. Let n be an integer and let 
a G A. First assume that a ^ ^a, . Then the length of is given for some 
1 ^ i < j < dhy 

|7M")| = |T''i(")(u^&) -T'-)(")(u5)|. 

Assume for instance that r^(n) < r^{n) and write r := rf (n) — r"^(n). After 
r^(n) backward iterations, we get = — T^{u^)\. This already gives a 

bound from below for when r ^ 1; otherwise, iterating backwards once (if 
( a) or twice (if a = ta), we get |/a''"'' | = — T''~''(m^)| for some j' and 
some o e {1, 2}. As the entry times r|(n), r^{n) are bounded above by the return 
times ra{n),a € A, which are themselves boimded by | |B(n)| |, we get from the 
first inequality of (3) that 

Vr>0. 

The cases a = i,a and a = at, involve the endpoints of I^"' and require a slightly 
different argument that we omit, but lead to the same estimate. 

We now turn to a bound from above for | | . Let a e ^ be the letter such that 

ra{n) is the largest return time in /("\ We have that ra{n) = \ \B{n)\ \ (choosing 
as norm the greatest column sum). Assume first that a ^ 50;, toi- There exists 
1 ^ i,j ^ d-1 such that uj is the left endpoint of T''J(")(/a'^"'), is the left 
endpointof T~''^^"^(7a'^"^), and ra(n) = r|(n)+r^(n) + l. Assume for instance 
that rj{n) > rl{ri) hence r^(ri) ^ g||S(n)||. For ^ to < r^(n), we have 
T"^{u'j ) ^ 7*^"' by definition of the entrance time. Choosing = r^(n) and for 
X the middle point in 7^") in the second part of property (3) gives 

|7(")| = 0(||i?(n)||-i+^). 

The cases a = (« involve the left endpoint Uq of 7 and require a minor 

modification of the argument, but lead to the same estimate. 

These two bounds on the |7a'^"^ | clearly imply property (2). 

□ 

We now can prove what was annoimced in subsection 8.3 

Corollary C.3. Assume that (M, S, (,) is a translation surface of (restricted) Roth type. 
Then Tj is an i.e.m. of (restricted) Roth type. 

Proof. We have to check that Tj satisfies condition (a) , (b), (c) of subsection 3.3 , and 
also (d) in the restricted case. By assumption, there exists an open bounded horizontal 
segment in good position such that the return map of the vertical flow to is an 
i.e.m. of (restricted) Roth type. Therefore, property (1) in the proposition is satisfied by 
T^. Then, property (4) is satisfied by (M, S, (). Applying a second time the proposition, 
we conclude that property (1) is satisfied by Tj. This is condition (a) in subsection 3.3 . 
For conditions (b), (c) (and (d) in the restricted case), one has only to observe that, once 

(a) is satisfied, they can be formulated directly in terms of the continuous time extended 
Kontsevich-Zorich cocycle over the Teichmiiller flow in moduli space (without reference 
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to the horizontal segment /). The main point is that the continuous times tn corresponding 
to the integers n in B{n) satisfy 

tn+l = 0(i,\+^) 

for all T > 0, so they are "dense enough" to imply the same conditions for all times t. We 
leave the details to the reader. □ 
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